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THESE ARE THE DIFFERENTIALS OF ORDER n

DAN LAKSOV AND ANDERS THORUP

ABSTRACT. We answer P.-A. Meyer’s question “Qu’est ce qu'une différentielle
d’ordre n?”. In fact, we present a general theory of higher order differentials
based upon a construction of universal objects for higher order differentials.
Applied to successive tangent spaces on a differentiable manifold, our theory
gives the higher order differentials of Meyer as well as several new results
on differentials on differentiable manifolds. In addition our approach gives a
natural explanation of the quite mysterious multiplicative structure on higher
order differentials observed by Meyer. Applied to iterations of the first order
Kaéhler differentials our theory gives an algebra of higher order differentials for
any smooth scheme. We also observe that much of the recent work on higher
order osculation spaces of varieties fits well into the framework of our theory.

0. INTRODUCTION

In an interesting, as well as entertaining, article [22] P.-A. Meyer asks the ques-
tion “Qu’est ce qu’une différentielle d’ordre n?”. He answers the question in the case
of differentiable manifolds and comments on the history and uses of higher order
differentials. One of the most intriguing observations that Meyer makes, see also
[21], is that the higher order differentials have a, quite mysterious, multiplicative
structure.

The purpose of this article is to answer Meyer’s question and to expand the
theory so that it covers a wide area of applications from manifolds to schemes over
an arbitrary base. We present a general theory of higher order differentials and,
in particular, we give a natural explanation of their multiplicative structure. Our
theory, when applied to successive tangent spaces on a differentiable manifold, gives
the higher order differentials of Meyer, with their multiplicative structure. When
applied to iterations of the first order K&hler differentials, it gives an algebra of
higher order differentials for any smooth scheme.

The higher order differentials were part of the folklore of mathematics up to the
end of the previous century, and formulas like

(1) & f = fidx + fidPy + fleda® + 2f) dedy + f2dy’

can be found in most classical calculus books. According to Meyer, the higher order
differentials vanished from the textbooks in our century because of the obscurity
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of their definition, and because the extensive use of exterior differentials led math-
ematicians to believe that d? should always be zero. The higher order differentials
have, however, a natural role in differential calculus and, as we shall see, in ge-
ometry, because they have many desirable properties that are not shared with the
exterior differentials.

Meyer revived the theory because of its use in stochastic differential geometry.
There are, however, many other reasons for providing a solid foundation for, and
to develop, the theory of higher order differentials. Indeed, from the form of these
differentials, involving all the partial derivatives up to a given order, and since they
are invariant under coordinate change, they provide an excellent tool for treating
topics that involve osculating spaces of manifolds. This explains why we several
times have crossed the path of higher order differentials in our work [18], [19], [20]
on Weierstrass points on higher dimensional spaces.

The construction of Semple bundles, used by Collino [7], Colley—Kennedy [5],
[6], and Arrondo—Sols—Speiser [24] to study higher order contacts of manifolds, is
completely analogous to constructions of higher order differentials in special cases
(see Examples (5.5), (5.8), (5.9), (5.10)). J.-P. Demailly [8] uses a generalization of
the Semple construction in the hyperplane case to construct projectivized jet bun-
dles for directed manifolds. These bundles are essential in his study of hyperbolic
projective varieties.

The symmetrization of our higher order differentials has been studied in various
contexts. A construction of systems leading to higher order symmetric differentials
is essential in the work of Titaka [10], [11], [12], [13] on Weierstrass points (see Ex-
ample (5.7)). In differential algebra a similar construction is used by Johnson [14],
[15] and leads to what he calls the canonical prolongation sequence, which is the
same as the ring constructed by Iitaka, or our ring of symmetric differentials, in the
more general case when a non-trivial derivation of the base ring is allowed. John-
son gives a description of prolongation sequences in terms of universal properties, in
the spirit of the present article. The global properties of the canonical prolongation
sequence have been studied by Buium [1], [2], [3], [4]. A particularly interesting spe-
cial case of the ring described above is the ring of differential polynomial functions
considered and studied by Ritt [23] and Kolchin [16], [17].

Meyer considers the following setup for the equation (1) and its generalization to
m dimensions: Let X be a differentiable manifold, say X is an open subset of R™,
with coordinate functions z;. Let A = C°°(X) be the ring of k-valued C*°-functions
on X, where k is R or C. Then, for any function f in A, we have the formula for
the differential,

(2) df = f1 duj,
j=1

which defines the partial derivatives f;j. The differential df may be viewed as
a function on the tangent space T'X. Consider, inductively, the iterated tangent
space T"M X = TT"X. Let C,, := C®(T"X) be the algebra of C*°-functions on
T™X. Then the differential of C*°-functions on 7" X may be viewed as a k-linear
map d : C), — Cp4+1, and we obtain a sequence of k-linear maps,

(3) AZC()iOliCQH"-.
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In addition, there is a map of algebras ¢ : C;, — C,,4+1, obtained by composing
functions on T"X with the projection T7*t'X — T"X. In particular, each algebra
C,, is an A-module. Let Q" be the A-submodule of C,, defined as follows: Q° := A
and, inductively, Q"*! is the A-submodule of C,,; generated by all differentials
dw for w € Q™. Then, from the maps (3), we obtain by restriction a sequence of
k-linear maps,

(4) A= Lot 4024

Let C be the direct sum of the A-modules C,,, and let Q be the direct sum of the
submodules Q7.

The fundamental assertions of Meyer are the following: There is a natural prod-
uct on the graded A-module 2,

(5) 0P @, Q" — QP denoted w @ 7+ w.,

such that, for p = 0, the product is the natural product coming from the structure
of Q" as an A-module and such that the maps d of (4) form a derivation of §2 with
respect to the product, that is, such that we have the equation

(6) dw.m) =dwr +w.dr.

Moreover, the product is associative. In fact, with the product (5), the A-module
Q is a ring containing A = Q° as a subring.

The equation (6) determines the product inductively with respect to the degree
p of w. For instance, for p = 1, we use the equation d(fn) = df.mw + fdr to obtain
the equation

(7) df m =d(fm) — fdm.

The equation (7) determines the product for p = 1, since any form w in Q! is an
A-linear combination of differentials df.
If the derivation d is applied to the equation (2), we obtain in 2% the equation

Cf=Sd(f de;) = (df;j.dxj 1 d%cj)
j=1

=1

m m
(8) = Z fglc/jmidxi'dxj + Z f;] d2l'j .
i,j=1 j=1
Note in particular that the product dz;.dz; appearing in (8) is given by the formula
in (7).

It should be emphasized that the product in € is not commutative. Hence the
formula (8) is not the m-dimensional generalization of the formula (1). To obtain
such a generalization, we have to divide the algebra 2 by its commutator ideal.

The analogous system in the algebraic case is constructed as follows: Take Cy :=
A and, inductively, let C,, 11 be the symmetric algebra Cy, 41 := Symg (Qlcn / ) and
let d : C,, — C},+1 be defined as the universal derivation d : C,, — Qlcn Jk followed
by the inclusion of Qlcn /k into Cj,+1. View (), as an A-module via the composition
of the inclusions of algebras C; — C;41 for ¢ = 0,...,n—1. The latter construction
is a non-commutative version of the construction given by litaka that we mentioned
above. Like Meyer we find that the theory becomes simpler and more transparent
when we impose as few commutativity conditions as possible.
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The results in this article grew out of an attempt to give a natural explanation
of the assertions made by Meyer, in a general setting that includes the algebraic
analogue. We consider, for any k-algebra A, general systems (C, d) of the form (3),
consisting of A-modules C,, and a sequence of k-linear maps,

(9) A=cy Lo Loy L.

With such a system we associate, as in (4), a corresponding sequence of k-linear
maps,

(10) A= Lot 424 ..

We analyze conditions under which it is possible to define a product as in (5) with
properties similar to the properties found by Meyer in the C*°-case. We prove that
the conditions hold for a wide variety of systems, including the above algebraic
system when A is smooth over k. And we prove additional properties which are
new, even in the C*-case considered by Meyer. In particular, when the conditions
hold, we prove that for any n > 1 there is a natural exact sequence of A-linear
maps,

(11) 00 @0 5ot Lor .

The map i is the product (5) for p = 1. The differential d is a k-linear section of
the A-linear map r and, in addition, there is a natural k-linear retraction s for the
A-linear inclusion i. We prove that the product (5) exists and that it extends to a
product,

(12) QP ®, Cp, = Cpyp denoted w @ F +— w.F.

In fact, we prove that for any given element € in k there are a product (5), depending
on ¢, and an extension (12) such that, with respect to the products, we have that 2
is an algebra, C' an Q-module and d is an e-derivation with respect to the product,
that is, for w € QP and F' € C the following equation holds:

(13) d(w.F) =dw.F + ePw.dr.

In addition, we establish an explicit formula for the product.

One of the main contributions of our work is the construction of Leibniz and
Kahler differentials, and the description of their multiplicative structures. Leibniz
differentials are universal objects for higher order differentials and their multiplica-
tive structure induces the multiplicative structure on the higher order differentials
in applications. In particular, they give a natural explanation for the multipli-
cation on higher order differentials on differential manifolds observed by Meyer.
In fact, the e-calculus explained above gives an important and useful extension of
the case ¢ = 1 treated by Meyer. Kahler differentials are universal objects having
an additional property explained below, that is shared with the most interesting
examples.

The advantage of approaching higher order differentials via universal objects is
that the treatment of higher order differentials becomes coordinate free and global,
and attains such a generality that it encompasses applications in a wide range, from
manifolds to schemes. In particular, in the situation of differentiable manifolds, we
do not need to define the multiplication in local coordinates, as Meyer does, and we
avoid the tedious task, left by Meyer to the reader, of showing that multiplication
is well defined and associative. Our theory could be presented for the global case
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with only a change of terminology and notation. To make the presentation more
accessible we have however chosen to treat the case of algebras, and have made a
comment (Note (5.20)) about the notational changes that are necessary to adapt
to more geometric situations.

One of the main innovations of this work is the e-formalism indicated above.
The reward for carrying out the e-formalism is that we obtain the algebras of
symmetric, skew symmetric and alternating differentials as a natural part of our
theory, simply by taking quotients of the Leibniz differentials in the cases ¢ = +1.
The calculus of symmetric and alternating differentials is discussed by Meyer, who
termed them “forgotten”, respectively, “well known”, and he obtains these calculi
from his theory of higher order differentials for differentiable manifolds using the
action of the symmetric, respectively alternating group, on these differentials. The
passage from Leibniz differentials to symmetric, skew symmetric and alternating
differentials is made in Section 7. It is worth noting that some of our formulas, in
the symmetric case, differ from those obtained by Meyer.

To describe our work in more detail, fix a commutative ring k and a k-algebra A,
which is not necessarily commutative. In addition, fix an element ¢ in k. Consider
a general system (3), consisting of A-modules C,, with Cy = A and k-linear maps
d : C, — Cpt1. Equivalently, the system may be viewed as a pair (C,d), where
C' is the direct sum of the C,, and d is the k-linear endomorphism of degree 1 of
C whose components are the maps d : C,, — C,,41. Assume that the unit 1 of A,
as an element of Cj, is in the kernel of d. Denote by A(C) the smallest d-invariant
A-submodule of C' containing the unit 1. Then, clearly, A(C) is a homogeneous
A-submodule of C. Its elements will be called the differentials of the system. The
system (C, d) will be called a derivation system for A, if d is a differential operator
of order at most 1. In this case we write Q(C) for the submodule of differentials.

The differentials of the system may be defined inductively: the differentials of
degree 0 are the elements of A = Cjy, and the differentials of degree n+1 are A-linear
combinations of elements dm, where 7 is a differential of degree n. Equivalently,
the differentials of degree n are the sums of elements of the form

and(an—-1d(-- - ard(ao))),

for ag,...,a, € A. In other words, if A(t) is the polynomial algebra over A in one
non-commuting variable ¢ (see Section 1), then the differentials of degree n are the
elements of C of the form P(d)(1) where P is a polynomial of degree n in A(t).

Therefore, it is not surprising that the algebra A(t) plays an important role
in the theory of higher order differentials. The material necessary to study the
properties of A(t) is found in Section 1. We develop a theory of Taylor series in
e-twisted polynomial rings, and we give two fundamental, Leibniz type, formulas
(Proposition (1.8)). The theory of Section 1 has a wider scope than being a utensil
for higher order differentials. Indeed, the e-formalism and the Leibniz formulas
provide, for example, a natural framework for treating Gaussian polynomials (Note
(1.11) and Example (1.13)).

In Section 2 we consider a system obtained from the algebra A(t) as follows:
Let A4k, be the quotient of A(t) modulo the left ideal A(t)t, with the A-linear
endomorphism

de: Aaji — Nayi s
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induced by left multiplication by t. The quotient A 4/, is a graded A-module and the
endomorphism d; is homogeneous of degree 1. In degree 0 we have that A% k= A.
Hence we have obtained a system (A, d;). Clearly, all elements of A,/ are
differentials of the system. The elements of A 4/, are called the Leibniz differentials
of the k-algebra A. In Remark (2.14) we show that the system (A 4 /5, d¢) is universal
with respect to general systems (C,d) of the form (9).

We show (Proposition (2.7)) that for the Leibniz differentials there is an exact
sequence analogous to (11), which is split by d; and a map s; similar to s.

A multiplicative structure on the Leibniz differentials is induced as follows: Let

A§ be the k-linear endomorphism of A(t) defined on homogeneous polynomials @
by

A?(Q) = tQ - EdegQQta

and extended to A(t) by linearity. Then A§ is an e-derivation. Let A% /i be the
smallest Af-invariant A-submodule of A(¢) containing 1. The main result (Proposi-
tion (2.12)) of Section 2 states that A% ; is a graded k-subalgebra of A(t). Moreover,
the composition of the inclusion A%, C A(t) and the quotient map A(t) — A4y
is an isomorphism of A-modules

Ay = Aayk -

Under this isomorphism, the e-derivation di of A% Jk> induced by Af, corresponds
to d;. As a consequence, from the structure on A% /p 8S 2 k-algebra over A we
obtain a structure on A4/ as a k-algebra over A in such a way that d; becomes
an e-derivation. In Remark (2.14) we show that the Leibniz differentials with this
multiplicative structure form a universal object for graded k-algebras over A with
e-derivations.

The system of Leibniz differentials A 4/, is not a derivation system because the
endomorphism d; is not a differential operator. In Section 3 we consider a derivation
system obtained as the quotient of A4/, by the smallest d-invariant A-submodule
of A4/, containing all elements

dy(bam) — bdy(am) — ad (br) + abdy(w),

for all @,bin A and 7 in A 4/,. The endomorphism d; induces a k-linear endomor-
phism d of the quotient. The quotient is denoted (24, and its elements are called
Kahler differentials. The name is justified by the fact that when A is commutative,
the first graded piece Q}L‘ Jk of 4/ is the usual A-module of first order Kahler
differentials associated to the k-algebra A and d : A — QY Jk is the usual universal
derivation from A.

The system of Kahler differentials form a derivation system, that is, the endomor-
phism d of 4}, is a differential operator of order at most 1. Moreover, we observe
in Remark (3.11) that the system of Kéhler differentials is the universal derivation
system for A. We show (Proposition (3.9)) that for the Kéhler differentials there is
an exact sequence analogous to (11).

For the given element e of k, the corresponding product on A4/, induces a
product on §4,;. Moreover, with this product, the A-module €4/, is a k-algebra
over A, denoted Q% e and the endomorphism d is an e-derivation. Moreover, we
show that the algebra % /k is universal with respect to graded k-algebras over A
with e-derivations D satisfying D(bl)a = aD(bl), for all elements a and b of A.



THESE ARE THE DIFFERENTIALS 1299

Finally, when 9}4 Jk is a free A-module generated by elements dx1, ..., dz,,, we
show that each A-module Q7 Jk is free, and we give explicit bases for this module
(Proposition (3.12) and Corollary (3.13)). We also extend the theory of Kahler
differentials to the case of A-modules and show that connections on a module
correspond to derivations on the corresponding Kéhler differentials (Note (3.15)
and Note (3.16)). It is interesting to note that, when A is commutative, the Kahler
differentials can be obtained by iterated first order principal parts (Example (5.5)).

The central theme in this work is the problem of deciding, for a given system
(C,d), if the module of differentials A(C') have a multiplicative structure such that
the endomorphism d is an e-derivation. This theme is the subject of Section 4
where we consider, more generally, a triple (C, ¢, u), where C' is an A module and
@ is a k-linear endomorphism of C', and u is an element in the kernel of p. Assume
for simplicity that C' is graded, that ¢ is homogeneous of degree 1, and that u
is homogeneous of degree 0. Via the given endomorphism ¢, we have that C is
a module over the polynomial algebra A(t). In particular, we have that C is a
module over the subalgebra A% Ik Denote by A®(¢) the image of the corresponding
representation A% , — Endi(C). Then C is a faithful module over A®(y). Let
A(C, p,u) be the smallest ¢-invariant A-submodule of C' containing u. Then, since
u is in the kernel of ¢, it follows from our Leibniz formulas that the evaluation map,
P — P(y)(u), induces a surjection

A*(p) — A(C,p,u).

The main result (Proposition (4.4)) of Section 4 gives criteria for the surjection
to be an isomorphism, and, when the criteria are fulfilled, it describes explicitly
the induced multiplicative structure on A(C,p,C). In Section 5 we show that
these criteria are fulfilled in all interesting examples. We also show (Lemma (4.2))
that the multiplicative structure is induced from the multiplicative structure of the
Kahler differentials if and only if ¢ is a differential operator of order at most 1.

To describe the contents of the remaining sections 5, 6, and 7, assume that A is
commutative. Let (C,d) be a derivation system. Since d is a differential operator
of order at most 1, it follows from the results of Section 3 that there is an A-linear
map Q}q/k ®4C — C, denoted p®a F +— p.F, such that dy . f.F = d(fF) — fdF,
for all f € A and F € C. Moreover, since in addition d(1) = 0, we have that
d : A — (7 is an A-module derivation and we obtain a surjective A-linear map
Q) — Q1(C). To apply the results of Section 4, we must have that the map
Q}Lx/k ®4 C — C factors over the quotient map Q}Mk ®a4C — QYC) ®4 C. When
the latter property is satisfied we call the derivation system (C, d) a Kdhler system.

Obviously, the system of Kéahler differentials is a derivation system. The major
part of Section 5 is devoted to other examples of K&hler systems (C, d). In Example
(5.7) we introduce the differentials defined by Iitaka, mentioned above. A non-
commutative version, which is easier to define, is introduced in Example (5.6).
An important generalization of this construction is given in Example (5.9). The
generalization may be seen as the affine analogue of the Semple bundle alluded to
above. For the constructions in (5.9), we need some properties of first order Kahler
differentials of symmetric powers, collected in (5.8). Finally, the original example
of Meyer on differentiable manifolds is given in (5.10). All the systems given in the
examples are Kahler systems.
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To apply the main result of Section 4, we need an additional property of the
system. We say that the Kéahler system (C,d) has a Kdhler basis if there are
elements 1, ..., 2z, of A = Cj such that the subset X := {dz1,...,dz,,} is an
A-basis for Q!(C), and such that the subset X,, of C,, for n = 2,3,..., defined
inductively by

X1 ={d¢ | e Xy U{da; € j=1,....,m, £€X,},

is an A-basis for the n’th graded piece Q" (C) of Q(C). For example, for the system
(4/k, d) of Kéhler differentials, a subset x1,..., 7, of A is a Kéhler basis if and
only if the differentials dx; form an A-basis for 9}4 Ik

Section 6 contains our results on Kéahler systems having a Kéahler basis. Let
(C,d) be a Kéhler system with a Kéhler basis. We prove in Theorem (6.7), which
is the main result of this article, that the graded pieces Q™(C) of the module of
differentials fit into an exact sequence analogous to (11). In addition, for the given
¢ in k there are products (5) and (12), depending on &, such that Q(C) is a graded
k-algebra over A, such that C is a graded Q(C)-module, and such that d is an
e-derivation.

In Example (6.9) we note in particular that if 21, ..., z,, are elements in A such
that the differentials dz; form an A-basis for Q}A/kv then {x1,..., 2} is a Kéahler
basis for the non-commutative version of litaka’s differentials. Similarly, we observe
in Example (6.10) that if x1,...,z,, are the coordinates of an open subset X of
R™, then {x1,...,2,} is a Kahler basis for the system considered by Meyer. In
particular, the conclusions of Theorem (6.7) hold for these systems. At the end of
the section we sketch a globalization of the theory.

In the final section we construct the algebras of symmetric, skew symmetric and
alternating higher order differentials. As mentioned above it is in this construction
that the elegance and usefulness of the e-calculus can most easily be seen. Assume
that e = 1. The algebra of e-symmetric Kahler differentials Qjﬁm is the quotient
of the module of Kahler differentials by the ideal of e-commutators, see Definition
(7.6). For £ = 1, the algebra is the algebra Q7 ; of symmetric differentials and for

€ = —1 it is the algebra Qi{‘/c,? of skew symmetric differentials. The algebra Qi‘l; & 1S

skew

the quotient of 253" by the ideal generated by squares of elements of odd degree.

We note in (7.6) that these algebras, in addition to the derivation of degree 1
induced by d, have a canonical derivation § of degree —1 with several interesting
properties.

More generally, for any Kéhler system (C, d) we define a system of e-symmetric
differentials QY™ (C) and a system Q2*(C) of alternating differentials. When
(C,d) have a Kéahler basis, these systems have multiplicative structures, obtained
from the algebra Q(C') with its e-product by dividing by suitable ideals. Assume
that {x1,...,2m,} is a Kéhler basis for (C,d). We prove in Proposition (7.7) that
the algebra Q™ (C) of symmetric differentials is the commutative A-algebra freely
generated by the infinitely many differentials d"x; for n > 1 and j =1,...,m and
that Q*(C) is the alternating A-algebra freely generated by the same differentials.

In (7.9) we prove, for any commutative k-algebra A, that the exterior algebra
N ), with its exterior differentiation is the quotient of the algebra Q%7 of alter-
nating Kahler differentials by the ideal generated by all differentials d?w.

Finally, in (7.10) we note that the algebra Q;}'/";C of symmetric Kahler differentials
is equal to the algebra obtained by litaka’s original construction.
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1. FORMAL TAYLOR EXPANSIONS

Formal Taylor expansions provide the basic technique for studying the multi-
plicative structure of higher order differentials. In this section we introduce Taylor
expansions in e-twisted, non-commutative, polynomial algebras and prove two fun-
damental Leibniz type formulas for actions on modules. These formulas are central
in our treatment of the multiplicative structure of higher order differentials.

We first define the non-commutative polynomial k-algebra A(t) over A, men-
tioned in the introduction, and study its properties. For every element € of k we
introduce e-derivations on graded k-algebras over A. In particular, we study the
inner e-derivation A on A(t) defined by A$(Q) = tQ — £%°¢2Qt on homogeneous
elements @ of A(t), and extended by linearity. Moreover, given a graded k-algebra
B over A, we study the e-twisted polynomial algebra B.[h], that is the algebra
which, as an A-module, is freely generated by the powers k', for i = 0,1,..., and
whose multiplication is determined by hb = 9°8°bh, for all homogeneous elements
b of B. We study, in particular, Taylor series in the e-twisted polynomial alge-
bra A(t).[h]. The main result of this section is the two Leibniz type formulas of
Corollary (1.9).

It is noteworthy that the Taylor expansion (t+h)™ =7, (?)Et"_ihi in k[t).[h]
defines the Gaussian polynomials (?)E = (1_f:_)(:i)_(ii;);{)(_l_zla;)w1), fori=0,1,....
We indicate how the methods used in this section provide a convenient tool for
studying Gaussian polynomials.

1.1. Setup. We shall work over a fixed commutative ring k. In addition, we fix
an element ¢ of k. Graded modules are always assumed to be N-graded. As a
consequence, the element ¢ induces in any graded k-module a homogeneous k-
endomorphism which in degree n is multiplication by €™. The endomorphism will
be denoted x — e4.(2). Clearly, in a graded k-algebra, the endomorphism e, is an
endomorphism of algebras.

A k-algebra is always assumed to be associative and unitary, but not necessarily
commutative. Let A be a fixed k-algebra. Unless otherwise specified, an A-module
is a left A-module. An A-A-module N is a k-module N with a left action and a
right action of A, both extending the given action of k, such that the two actions
commute, that is,

a(zb) = (ax)b fora,be A, xz € N.

In other words, an A-A-module is a module over the k-algebra A ®j A°P, where A°P
is the opposite algebra of A.

A k-algebra B is said to be a k-algebra over A if there is given a homomorphism
of k-algebras A — B, called the structure map. Homomorphisms of k-algebras over
A are assumed to commute with the structure maps. Via the structure map, a
k-algebra B over A is an A-A-module. In particular, a k-algebra B over A is an
A-module and the multiplication B ®j; B — B is A-linear when the tensor product
is given the structure of an A-module inherited from the first factor. Conversely,
if a k-algebra B has the structure of an A-module extending its structure as a
k-module and such that the multiplication B ®; B — B is A-linear, then B is a
k-algebra over A with a — alp as structure map.

If M is an A-module and «a is an element of A, we denote by ajs the k-linear
endomorphism of M given by left multiplication by a. Clearly, the ring End (M)
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of k-linear endomorphisms of M is a k-algebra over A with the map a — ay; as
structure map.

If T is a subset of a k-algebra B over A, denote by A(T") the smallest subring of
B containing T and the image of A in B.

1.2. Denote by A(t) the polynomial k-algebra in one variable over A. It is the
k-algebra over A freely generated by t. A more formal definition of the polynomial
algebra is obtained as follows:

First, for any A-A-module N, define

TH(N):=N®@aN@a--@aN,

with n factors in the tensor product. The tensor product is an A-A-module, with
the left action of A inherited from the first factor and the right action inherited
from the last. By definition, T9(N) := A. The direct sum

Tu(N) = TY(N) & Th(N) & - --
is a graded k-algebra with the product given by the tensor product under the
isomorphism
T%(N) @4 T4(N) = T5(N).
The graded k-algebra T4 (N) contains A as its subring of elements of degree 0.
In particular, T4(N) is a k-algebra over A. Moreover, the k-algebra T4(N) has
the following universal property: For any k-algebra B over A, there is a natural

bijection from the set of A-A-linear maps N — B to the set of homomorphisms
Ta(N) — B of k-algebras over A.

1.3. Any A-module M has a natural extension to an A-A-module M ®; A. Note
the following isomorphism,

TH(M @, A) =M Q) M @y -+ @ M @y, A,

with M occurring n times on the right. Under the latter isomorphism, the multi-
plication in Ty (M ®j A) is given by the formula

(xp®---®x1®a)(yq®---®y1®b)=xp®---®x1®ayq®---®y1®b.

By the universal property of (1.2), for any k-algebra B over A, there is a natural
bijection from the set of A-linear maps M — B to the set of homomorphisms
Ta(M ®i A) — B of k-algebras over A.

1.4. Consider in particular the k-algebra T4(A ®j A). Its degree-n part is given
by

THA®RLA)=ARL ARy -+ @y A,
with n + 1 factors on the right. The product is given by the formula in (4.3). Set
t:=1®1€Ti(A® A).
Then, by the definition of the product, we have that
ap Q- RPasRa; a=ayut---tastata.

In particular, T4(A ®; A) = A(t). By the universal property of (1.3), for any
k-algebra B over A, there is a bijection from the set of elements e of B to the set
of homomorphisms A(t) — B of k-algebras over A.
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The k-algebra A(t) will be called the k-algebra of polynomials over A in the
non-central variable t. If B is a k-algebra over A, and e is an element of B, then
the corresponding map A(t) — B is fully determined by ¢ +— e. The map is the
substitution of e in polynomials, denoted

P P(e).
Clearly, the image of the map A(t) — B is the subalgebra A(e) of B.

1.5. In a graded k-algebra, the e-commutator [P, Q] of elements P and Q is de-
fined, when P and @ are homogeneous of degrees p and ¢, by the formula

[P,Ql: = PQ — e™QP.

The definition is extended additively to general P and Q). In particular, if P is
homogeneous of degree p, then, for all Q,

[P, Qle = PQ — e.(Q)P.

1.6. Definition. Let N be an A-A-module. Then a k-linear map D : A — N is
called a module derivation if, for all a,b € A,

D(ab) = (Da)b+ a(Db).

In the sequel we need two related notions of derivations. Let I" and M be A-modules.
Then I is said to act on M if there is given a k-linear map p : I'®, M — M. The
map p is called the product, and we write .z or simply vz for u(y®x). The action
is said to be A-linear if p is A-linear when the tensor product I' ®; M is considered
as an A-module via the first factor. An A-linear action corresponds to an A-linear
representation I' — Endg (M), denoted v — ~as and defined by vy (z) = v.z.

If an action of " on M is given, a triple (o, A, D) cousisting of k-linear endo-
morphisms a, A : I' = I' and a k-linear endomorphism D : M — M will be called
a general derivation if, for all v € I' and = € M, the following equation holds:

(1.6.1) D(v.z) = (Ay).z + (ay).(Dzx) .

The triple will be called an e-derivation if, in addition, A = eAa.

Let I' be a graded A-module and let o := 4. If (1.6.1) hold and, in addition,
egrA = €leg,, then the pair (A, D) will be called an e-derivation. Note that
the condition €5, A = €Agg, holds, if A is homogeneous of degree 1, or if ¢ = 1.
Naturally, if M is a graded A-module and I' is a homogeneous submodule and if
A is the restriction of D to I', then D is called an e-derivation with respect to the
given action, if (A, D) is an e-derivation.

For instance, assume that I' = M is a graded k-algebra over A and consider the
action of I" on M given by multiplication in the algebra. Let P be homogeneous of
degree p in I'. Then, with the e-commutator

A%(Q) = [Pv Q]E = PQ - sgr(Q)Pa

the triple (eb,, A%, A%) is a derivation, and in fact an P’ _derivation. Hence, if P
is of degree 1, then A% is an e-derivation of I'. It is called the interior e-derivation
induced by P.

In particular, in the polynomial algebra A(t), the inner derivation A is an e-
derivation of A(t). It is homogeneous of degree 1. In particular, the part in degree
0 is a module derivation A — A(t)!, independent of ¢. It is the map a — ta — at,

and we denote it A;.



1304 DAN LAKSOV AND ANDERS THORUP

Occasionally, when an action of I' on M is given, we will meet the equation
(1.6.2) D(v.x) = (Ay).Bx + v.(Dx),

where (A, D) is as above and  is a k-linear endomorphism of M. If the equation
holds and, in addition, D3 = €D, then (A, D, ) will be called a right e-derivation.
If M is a graded A-module, then we may consider (1.6.1) for § := 4. If it holds
and, in addition Deg, = gD, then (A, D) will be called a right e-derivation. Note
that the condition Deg, = €4 D holds, if D is homogeneous of degree —1, or if
e=1.

1.7. Definition. For any graded k-algebra B over A, denote by B, [h] the e-twisted
polynomial algebra. As a left B-module, it is freely generated by the powers h’ for
i=0,1,.... Multiplication in B.[h] is given by the rule:

hb = £ (b)h.

The algebra B.[h] is graded by the total degree; the element h is of degree 1. The
algebra B.[h| contains B as a graded subalgebra.

Consider in particular the algebra A(t).[h]. Multiplication in the algebra is
determined by the rule that h commutes with the elements of A and ht = eth.
Denote by 9° : A(t) — A{t).[h] the homomorphism of k-algebras over A given by
substitution for ¢ of the element ¢ + h of A(t).[h], that is, 0°P = P(t + h). Define
a family of maps 0f : A(t) — A(t) for i =0,1,... by the formula,

(1.7.1) P(t+h) =Y (6;P)h'.
i=0
Obviously, the map 95 is an A-A-linear endomorphism of A(t), and homogeneous of

degree —i. The endomorphism Jj is the identity map. Since 0° is a homomorphism
of algebras, we have that 9°(PQ) = 9°(P)0°(Q), that is,

(1.7.2) 05(PQ) = Y (95 P)ely (05Q).

i+j=n
Clearly, 0ft = 1 and 05t = 0 for j > 1. It follows from (1.7.2) that 95 is a right
e-derivation of A(t).

1.8. Proposition. Let B be a k-algebra over A. Assume for elements e, f € B
that

fe=cef and af = fa for alla € A.
Then the following two formulas hold for P € A(t):

(1.8.1) Ple+ f) =Y 0;P(e)f",
=0
(1.8.2) P(e) = i(—l)%i(i—wafp(e +Nf
i=0

Proof. Clearly, given the conditions on e and f, there is a unique homomorphism
of k-algebras over A:

Alt)e[h] — B,
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such that t is mapped to e and h is mapped to f. Obviously, when the homo-
morphism is applied to the two sides of Equation (1.7.1), the result is Equation
(1.8.1).

To prove (1.8.2), note first that the special case, for B := A(t).[h], e := t, and
f := h, is the following equation in A(t).[h]:

(1.8.3) P(t) = i(—nia(i—l)/l’(afp)(t + h)h'.

i=0

As in the proof of (1.8.1), the special equation (1.8.3) implies the general equation
(1.8.2). Hence it suffices to prove (1.8.3).

To do so, let B be the ring of k-linear endomorphisms of the graded A-module
A(t).[h]. Let e and f be the k-linear endomorphisms of A(t).[h] defined, for ¥ €
A(t)c[h], by the equations,

e(W):=(t+h)¥,  f(¥):=—eg(TV)h.

Then e and f belongs to B. Clearly, f is A-linear and fe = eef. Hence Equa-
tion (1.8.1) holds in the endomorphism ring B. Now we evaluate the two sides of
Equation (1.8.1) at the element 1 of A(t).[h].

To evaluate the right hand side, note that f(h7) = —/h/*1. It follows that

fz(l) _ (_1)11 e 'Ei_lhi — (_1)i5i(i—1)/2hi'

Clearly, for Q € A(t) and U € A(t).[h], we have that Q(e)(¥) = Q(t + h)¥. It
follows that evaluation at 1 of the right hand side of (1.8.1) is the right hand side
of (1.8.3).

Therefore, to finish the proof, it suffices to prove that evaluation of the left side
of (1.8.1) is the left side of (1.8.3), that is,

(1.8.4) Ple+ f)(1) = P.

If Q € A(t), then (e + f)(Q) = (t + h)Q — e (Q)h = tQ, since hQ = e (Q)h. It
follows easily that P(e + f)(Q) = PQ. In particular, (1.8.4) holds, and the proof
of the proposition is complete. O

1.9. Corollary. Assume as in the setup of (1.6) that an A-linear action of I on
M is given and that (a, A, D) is an e-derivation. Assume in addition that o is
A-linear. Then, for P € A{t), v €T, and x € M, the following two formulas hold:

(1.9.1) P(D)(y.x) = > 0:P(A)(a'y).D'x,
i=0
(1.9.2) P(A)(y).x = i(_1)iai<i—1>/2afp(p)(aw.pix).
=0

Proof. View the tensor product I' ®; M as an A-module via the first factor. Then
the endomorphism ring B := Endi(I' ®, M) is a k-algebra over A. Consider the
endomorphisms e := A ®j 137 and f := a ®; D. Then f is A-linear because « is
A-linear, and fe = eef, because A = eAa. Hence the two equations of (1.8) hold.
Clearly, for Q € A(t) we have that Q(e) = Q(A) ®; 1ps. In addition we have that
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fi = a® ® D'. Thus the two equations of (1.8) are the following:
6 + f Z 85 . ®k Dia

P(A) @) 1 = Z 1)'e =205 P(e + f)(a’ @5 D).

Compose the two equations with the given action p : I' ®,; M — M. Since
(o, A, D) is a general derivation, we have that (A ®g 1p7) + p(a®y D) = Dy, that
is, u(e+ f) = Dpu. Since p is A-linear, it follows, for any polynomial @@ € A(t), that

nQ(e+ f) = Q(D)p.

Therefore we obtain the equations,

D)= Zu (05 P(A)a’ @y DY),

1(P(A) @k 1ar) Z 1)'e'=D/295 P(D) (o’ @y D).

1=

Clearly, the latter two equations evaluated at v ®j = yield the two equations of the
corollary. O

1.10. Note. The two equations of Corollary (1.9) will be called the Leibniz formulas.
The corresponding formulas for right e-derivations (A, D, 3) are the following two
equations, when P € A(t) is homogeneous of degree p:

(1.10.1) Zaa gD
(1.10.2) P(A)(7).fPz = i(—1)i5i(i‘1)/285P(D)('y.Dix).
i=0

The proof is similar to that of (1.9). Let e and f be the endomorphisms e := A®y [
and f:=1®g D. Then f is A-linear, and fe = eef because D3 = ¢FD. Thus the
two equations of Proposition (1.8) hold. If @ € A{t) is homogeneous of degree g,
then Q(e) = Q(A)®y 9. Moreover, from (1.6.2) it follows that uQ(e+f) = Q(D)p.
Hence, as in the proof of (1.9), the two formulas follow.

1.11. Note. Define the e-binomial coefficients (7)5 by the following equation in
klt]c[h):

(1.11.1) (t+h)" = i (?)st”_ihi.

i=0
Equivalently, the coefficients are defined by the following equations in k[t]:

(1.11.2) OFt" = (”) e

7

Clearly, (7). = (1) = 1 and (7}). = 0 for i > n. The interchange of ¢ and h defines

n.
an isomorphism of the algebra k[t].[h] onto its opposite algebra. As a consequence,
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we obtain from (1.11.1) the symmetry,

(1.11.3) (Z‘)E - <ni Z_)g.

By expanding (¢t + h)" ™" = (¢t + h)"™(t + h)P, we obtain the equation,

(1.11.4) (”jp> - zl: =0 <?> (];)
< =i e\'/e

In particular, for i > 0,

(1.11.5) <nj1)€ :Ei(?);L (ifl);

By multiplying out the product of the n factors on the left side of (1.11.1), it
follows that the coefficient (’;)E is a sum of powers of €. In particular, the coefficient is
the evaluation at € of a universal polynomial with integer coefficients. It follows from
the recursion formulas (1.11.4) that the coefficients are in fact the usual e-binomial
coefficients or Gaussian polynomials. To obtain directly the explicit expressions for
the Gaussian polynomials, note first the equations

Rt Rt = 7t BTt = eI (7 R,
It follows that if R € k[t]c[h] is homogeneous of degree n, then hRt = e"T'tRh. In

particular, we have for n > 0 the equation h(t + k)" "'t = e™t(t + h)""'h. As a
consequence, we obtain the equation

tit+h)" — (t+h)"t = (1 —™)t(t+h)"h.

Comparison of the coefficients of t"T1~#h? yields the equations,

)

Hence we obtain the usual expression for the Gaussian polynomial, for n > i,
1—em)(1— n—1) ... 1— n—i+1
i), (1I-eh)(1—et"1)---(1—-¢)

1.12. Note. A formula for the composition J;9; may be obtained as follows:
Let B be the e-twisted polynomial algebra over the twisted algebra A(t).[k], that

is,
B := (A(t)E[h])E[k].

In B we have the relations kh = ehk and kt = tk. In particular, with e :=t + h
and f := k we have that fe = eef. Hence there is a unique homomorphism
d : A(t).]h] — B of k-algebras over A such that ¢t — t+ h and h — k. It is
determined by the equation

' (Qh%) = Q(t + h)k".
Similarly, with e := ¢ and f := h + k we have that fe = cef. Hence there is a

unique homomorphism 9” : A(t).[h] — B of k-algebras over A such that t — ¢
and h — h + k. It is determined by the equation

9"(Qh') = Q(t)(h + k)",

The two compositions 9’90° and 9”9° are homomorphisms A(t) — B of k-algebras
over A. Clearly, under both compositions, the element ¢ is mapped to t + h + k. It
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follows that the two compositions are equal, and in fact equal to the homomorphism
P+ P(t+ h+k). From the equality 3'0°P = 8" 9°P we deduce in B the equation

S @EP)(t+hE = (05P)(t)(h + k)"

J n

By comparing the coefficients of h’k?, we obtain the desired formula for the com-
position 07 05:

(1.12.1) 0205 (P) = (l j”) o ,(P).

Obviously, we have that

(1.12.2) G) =ltet -+l
1>

Hence it follows from (1.12.1) that

(1.12.3) (07)" = w5 0%,

where

n
=] +e+ -+,
=1

Clearly, if € = 1, then 77 = n!l. In particular, if k£ contains the field of rational
numbers, then, for e = 1, we have that 95 = (1/n!)(95)". Similarly, for € = 0, we
have that 7 = 1, and hence 95 = (95)™. On the other hand, for ¢ = —1 we have
that 75 = 0, and it follows that 970 = 0.

1.13. Example. For any element x € k, the following formulas hold:

(L13.) =2 <”) (2= 1) =€) (@ =),
=0 €
n—1 n
(1.13.2) H(l +elx) = Zgi(i—l)/z <7Z> 2
=0 i=0 €

To prove the formulas, let A := k and let T' = M be the polynomial algebra k[u]
with the action given by the product in the ring k[u]. For polynomials p,q of T, we
have the identity

upq = (up + TUELP)q + (—TEgp)ug.

Hence, if D := u is multiplication by u in T, and A := w(1 + z&g,) and a := —zegy,
then (a, A, D) is an e-derivation for the action. Clearly, for a constant polynomial
q in k[u] we have the identities

Al(g) =1 +x)- - 1+ a)uiq, a'(q) = (—1)2'q.

Therefore, by (1.9) applied with P := t", v := 1, and = := 1, we obtain the two
equations

(1.13.3) u" = Z <7Z> (1+z)- (L+ ") (—1) 2",

(1.13.4) (1+z)- 1+ tr)u™ = Z gili=1)/2 <n> rium,
i=0 /e



THESE ARE THE DIFFERENTIALS 1309

Divide by u™. Clearly (1.13.2) follows from (1.13.4). By (1.11.3), we obtain from
(1.13.3) the equation

n

(1.13.5) 1= Z (:L) (1+2z)---(1+ Ei_lx)(—l)”_ix”_i,

i=0
Since k and x are arbitrary, (1.13.1) follows from (1.13.5) after the substitution
x:=—1/x.

Note finally, for n > 1, the following formula in k[[¢]]:

n—1

1 = /n+j—1\ .
(1.13.6) 11 — :Z( : )tﬂ.
i=0 j=0 J e

To prove (1.13.6), consider the graded completion B := km] of k[t]c[h]. In B we
have the identities

o0

o (M m—ipi _ 1 _ 1 i
(1.13.7) > <i)€t h_m__zo(l—t)---(l—ait)h'

m,1=0 2

Indeed, the first identity holds by (1.11.1). Clearly h*(1—t—h) = (1 —git)h? — b+,
It follows that the product of 1 — ¢ — h and the series on the right side of (1.13.7)
is equal to 1. Hence the second identity in (1.13.7) holds. Clearly, the asserted
formula (1.13.6) follows by comparing the coefficients to h"~1 in (1.13.7).

2. LEIBNIZ DIFFERENTIALS

The Leibniz differentials form a universal object for higher order differentials.
In this section we define Leibniz differentials and give their main properties. The
Leibniz differentials are the elements of the quotient A/, of A(t) modulo the left
ideal A(t)t. It is a graded A-module and comes with the natural k-endomorphism
dy induced by left multiplication by ¢. Denote the n’th graded piece of A4/, by
A" Ik We prove that, for every n > 1, we have an exact sequence,

0— ALy @AY, AA@; T4 AL — 0,

of A-A-modules, which is split by right A-linear maps.

For every element ¢ of k we let A%, be the smallest A-submodule of A(t)
which contains 1 and is invariant under the inner e-derivation Af. We show that
A% i, is a k-subalgebra of A(t) over A and that the composition of the inclusion
A% p — A(t) and the quotient map A(t) — A4y is an isomorphism A5, — Ay
of A-modules, and the e-derivation A§ corresponds to the k-endomorphism under
the isomorphism. Via this isomorphism the Leibniz differentials inherit, for every
element € of k, a ring structure, such that d; becomes an e-derivation. We show
that the module of Leibniz differentials with this ring structure is a universal object
for graded k-algebras over A with e-derivations.

2.1. Lemma. Under the identification of A(t)' and A ®y A, let I, C A(t) be
the kernel of the multiplication map A®y A — A. Then 14}, is an A-A-submodule
of A(t)t. Moreover, there is a decomposition into homogeneous A-submodules,

(2.1.1) A(t) ZA@A<t>IA/k @ At,
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and the projection onto the second factor, in degree p > 1, is the map
(2.1.2) apt - - - tartag — apt - - - t(artag — araot).

Proof. The multiplication map p : A ®y A — Ais A-A-linear. Hence I,/ is an
A-A-submodule of A(t)'. Under the multiplication map, a polynomial P = Y. b;ta;
is mapped to ), bja;. It follows that I/, is generated as an A-module by the
polynomials ta — at for a € A. In particular, there is a homogeneous A-linear map
Ev : A(t) - A® A(t)1a/y, defined in degree p > 1 by (2.1.2) and which in degree
0 is the identity of A. Clearly, the map Ev vanishes on A(t)t and it is the identity
on the submodule A ® A(t)I 4. The assertions of the lemma follow easily. |

2.2. Definition. Denote by A 4/ the quotient of A(t) modulo the left ideal A(t)t.
As the ideal A(t)t is homogeneous, the quotient A 4/, is a graded A-module. Denote
by

di : Aaje — Nayn

the k-linear endomorphism induced by left multiplication by ¢. The elements of
Aayi will be called Leibniz differentials. Whenever it is necessary to indicate the
dependence on the given k-algebra A, we will write d 4y, for d;.

In degree 0, the quotient map A(t) — A4/, defines an isomorphism of A onto
the Leibniz differentials of degree 0, and we will always identify A% Jk and A. In
particular, the unit 1 of A will be considered as an element of A 4,;. Note that, since
d; is induced by left multiplication by ¢, the polynomial P is mapped to P(d;)(1)
under the quotient map A(t) — A 4.

It follows from (2.1.1) that the canonical map A(t) — A 4, restricts to a homo-
geneous A-linear isomorphism,

(2.2.1) A® ALy, = A

Since I,y is an A-A-submodule of A(t), it follows that the left ideal A{t)I4 k18
an A-A-submodule of A(t). Hence the map (2.2.1) induces on Ay, a canonical
structure of an A-A-module.

The map (2.2.1) in degree 0 is the identification of A and A%/k. In degree 1,

the map is an A-A-isomorphism from the A-A-submodule 14, of A(t)* to the A-A-
module Ah/k of Leibniz differentials of degree 1. Note that, by (2.1), under the
isomorphism, the Leibniz differential dia of A} Jk corresponds to the polynomial
ta — at = Aga of I4),. We saw in (1.6) that A; is a module derivation on A(t)'.
As a consequence, with respect to the A-A-module structure on A}4 Sk the map
di : A— A}A/k is a module derivation, that is,

(2.2.2) di(ab) = (dia)b + a(dsb).

The differentials dia for a € A generate A}Lx /K, @s an A-module. It follows from
(2.2.2) that they also generate A sk as a right A-module.

For n > 1, the differential d; : AZ e AZJ; is right A-linear, since it corre-
sponds, via the isomorphism (2.2.1), to left multiplication by ¢ in A(t)I4/.

For an A-module M, the tensor product As,p(M) := Ay, ®a M is defined
using the structure on A,/ as a right A-module, and the tensor product is given
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the structure as a left A-module via the structure on A 4/, as a left A-module. For
n > 1 the differential induces a k-linear map

div =de @a 1y 0 A (M) — AZJ;(M)
Similarly, if N is a right A-module, then N ® 4 A}A/k is a right A-module.
2.3. Lemma. Let M and M’ be A-modules and let v : M — M’ be a k-linear

map. Then there is an A-linear map
Vg A}Lx/k ®a M — M,
determined, for a € A and x € M, by the equation
(2.3.1) vo(dia ®4 x) = v(az) — av(x).
Proof. The equation (2.3.1) determines vy, since the differentials dia generate A}Lx Jk
as an A-module. To define vy, consider the map
(2.3.2) AV @AM =A@y A®a M = A®, M — M,

where A®; M — M’ is the A-linear extension of v, determined by a ® x — av(z).
Define vy as the composition of (2.3.2) and the map A,14/k @AM — Alt) @4 M

induced by the inclusion A}, = Ly/p © A(t)! of (2.1). The equation (2.3.1) is
easily verified. O

2.4. Definition. Given a k-linear map v : M — M’. The A-linear map vy given
in Lemma (2.3) will be denoted by p ® 4 © — p.xz. The particular A-linear map vy
obtained M = M’ = A 4/, and v := d; will be denoted by

(2.4.1) it Najp ®a Aaje = Magg.

As the tensor product is over A, we have that (pa).m = p.(aw) for p € A}L‘/k, acA

and m € A4/;. Clearly, the map i; is homogeneous of degree 1. By (2.3.1), we have
that

(242) dta.7r = dt((lﬂ') — adﬂr.
Since the map d; is right A-linear, it follows easily that the map i; is A-A-linear.

2.5. Lemma. Let N and N’ be right A-modules and let w : N — N’ be a k-linear
map. Then there is a right A-linear map, homogeneous of degree —1,

we 2 N®@aAajy — N @a Mgy,
determined, for x € N, by the equations

(2.5.1) wi(z ®4 dia) = w(z)a —w(za) fora e A

(2.5.2) wi(z @4 dyw) = w(x) @am forme Ay, n>1
Moreover, for p € A}L‘/k and ™ € A g/, we have the equation

(2.5.3) w(z @4 p) = we (T @4 p) @A T.

Proof. The part of w; in degree n is required to be a right A-linear map,
(2.5.4) wy : N@a Nty — N @4 Ay

Since the differentials dym, for 7 € A" /i generate AZJ/“; as an A-module, the maps

wy, are fully determined by the equations (2.5.1) and (2.5.2).
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For n = 0, the proof of the existence of the map w, is entirely analogous to the
proof of Lemma (2.3).

To prove the remaining assertions, use that A{t)"*! = A @, A(t)", as follows
from (1.4). Under the identification, a polynomial atP of A(t)"*! corresponds to
a ®y P. It follows that there is a k-linear map @ : N ®4 A(t) — N’ ®4 A(t) of
degree —1, determined for P € A(t) by the equation

(2.5.5) Wz ®atP) =w(z) @4 P.

Consider a polynomial @ of degree n + 1 in the ideal A(t)t. Assume that n > 1.
Then @ is a sum of polynomials of the form atPt. It follows from (2.5.4) that
w(x ®4 Q) is the sum of terms of the form w(za) ®4 Pt. Therefore, since Pt
belongs to A(t)t, it follows that @ for n > 1 induces a map (2.5.4) of the quotients.
Clearly, (2.5.2) follows from (2.5.4). Moreover, since the map d; is right A-linear in
degree n > 1, it follows from (2.5.2) that w,, is right A-linear.

Finally, to prove (2.5.3) we may, since the tensor products are over A, assume
that p = dia for a € A and m € A ;. If n = 0, then (2.5.3) is trivial. Assume

n > 1. Since dia.w = di(aw) — adyw, it follows from (2.5.2) and (2.5.1) that
wi(x @4 dram) = w(x) @4 am —w(xa) @4 ™= wo(z ®@a dra) @4 .

Thus (2.5.3) holds. O

2.6. Definition. The right A-linear map of degree —1 obtained from Lemma (2.5)
by taking as w the identity map of A will be denoted

T AA/k - AA/k~

Since the identity map is A-linear, it follows easily that r; is A-A-linear. Moreover,
since the identity map is right A-linear, it follows from (2.5.1) that rq is the zero
map. Hence, from (2.5.2) and (2.5.3) we obtain, for n > 1 and a € A, p € Ah/k,
and m € A" Ik the two equations

(2.6.1) ri(adsw) = am, ri(p.m) = 0.

The right A-linear map of degree —1 obtained from Lemma (2.5) by taking as
w the k-linear map —d; : A — A}Mk will be denoted

St AA/k — Azl4/k ®a AA/k
Since di(ab) = (dia)b + add, it follows from (2.5.1) that s¢ is the identity map.
Hence, from (2.5.2) and (2.5.3) we obtain, for n > 1 and a € A, p € A}A/k’ and
me Ay Sk the two equations
(2.6.2) si(adym) = —dra @4 m, st(p.m) = pRa .

2.7. Proposition. Assume that n > 1. Then the following sequence of A-A-linear
maps is exact:

0 —— A}, ®@a A%, — A’;J; a A% 0,

and split by the right A-linear maps dy and s.
Proof. The assertion follows from the equations of (2.6). Indeed, it follows directly

that rd; = 1 and s;4; = 1. Hence, to finish the proof, it suffices to prove the
equation i;8; + dyry = 1.
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By additivity, it suffices to evaluate the equation on an element of the form ad;m
for a € Aand m € A% ;. By (2.6.2) and (2.4.2) we have that

itst(adtw) = —dta.’ﬂ' = —dt(mr) + adtw.
By (2.6.1), we have that
dtrt(adﬂr) = dt(mr).

The asserted equation i;s; + dyry = 1 follows. (|

2.8. Definition. By an abuse of notation, denote by ¢ the left multiplication by
t in A(t). Then the quotient map A(t) — A4/ is a surjective homomorphism of
A-modules with k-linear endomorphisms

(At), 1) — (Aask,dy).

More generally, for a given A-module C, a k-linear endomorphism ¢ of C' and
an element u of C, there is a unique homomorphism of A-modules with k-linear
endomorphisms

(A{t),1) — (C ),

under which 1 is mapped to u. It is the map P — P(¢)(u), and it is denoted
Ev,. 4. Clearly, the image in C' is the smallest p-invariant A-submodule containing
u. The image will be denoted A(C, ¢, u). If pu = 0, then the map Ev,, ,, induces a
homomorphism

(2.8.1) (Aajr,di) — (C, ).

2.9. Lemma. Let I" be a graded k-algebra over A, and let D be an e-derivation
of T'. Then the A-submodule A(T',D,1) of T is a k-subalgebra over A. In fact, for
P € A(t) and x € T, we have the equation

(2.9.1) P(D)(1)x = i(—l)isi(i_l)/zafP(D)Dix.
1=0

Proof. The equation follows from (1.9.2) by taking C :=T', @ = €4 and v = 1.
The A-submodule A(T, D, 1) is D-invariant. Hence, if 2 belongs to A(T', D, 1), then
the right hand side of (2.9.1) belongs to A(I’,D,1). So the product P(D)(1)x
belongs to A(T', D, 1). Since any element of A(T', D, 1) is of the form Q(D)(1) for
Q € A(t), it follows that A(T, D,1) is stable under the product in I'. Obviously,
A(T, D, 1) contains the image of the structure map a — al. Therefore A(T', D, 1) is
a k-subalgebra over A. O
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2.10. Lemma. The following four equations hold for polynomials P, S, and R in
Alt):

(2.10.1) PS = 0:P(A]) (el S)t".
=0

(2.10.2) P(AS)(S) =) (-1)'e D205 P)el, (St

=0
(2.10.3) P(AS)(SR) = i 95 P(A7) (e S) AT R.
=0

(2.10.4) P(AS)(S)R = S (~1)el0-0/20: P(AS) (L, (S) A5 ().
i=0
Proof. With respect to the product in the algebra A(t), the endomorphism A§ of
(1.6) is an e-derivation. So the two equations of (1.9), with v := S and z := R,
yield the last two equations.
Again, if we identify ¢ with left multiplication in the algebra A(t), then it follows
from the equation

tPQ = (A7 P)Q + (e P)1Q

that the pair (Af,t) is an e-derivation. So the two equations of (1.9), with v := S
and x := 1, yield the first two equations. O

2.11. Lemma. The inner e-derivation A5 of A(t).[h] vanishes on the subalgebra
A(t). Moreover, for any polynomial P of A(t) we have the equation

(2.11.1) AP = ASOFP + NSO P,

Proof. If Q € A{t), then A} Q = hQ—¢eq(Q)h = 0 by definition of the multiplication
in A(t)c[h]. Thus the first assertion holds. Since 9° is a homomorphism of graded
algebras and 0°t =t + h, it follows that 0°A; = A7, 0°. Clearly A7, = A7 +Aj.
Hence the second assertion holds. (]

2.12. Proposition. Let Ev® : A(t) — A(t) be the endomorphism defined by the
equation Ev®(P) := P(A%)(1), and denote by A5 ) the image of Eve. Then A5k
is the smallest Af-invariant A-submodule containing the unity 1, and it is a ho-
mogeneous k-subalgebra over A. Moreover, a polynomial QQ belongs to Ai‘/k if and
only if 05Q =0 for i > 0. Furthermore, we have the decomposition,

(2.12.1) Alt) = A% 5, ® Alt)t,

and the projection on the first factor is the map Ev®. In particular, the map Ev®
is equal to the identity on Ai&/k and the kernel of Ev® is the left ideal of A{t)t.

Finally, for polynomials @ € Ai‘/k and R € A(t), we have the equation
(2.12.2) QR = Q(A)(R).
Proof. The map Ev® is obviously homogeneous, so the image is a homogeneous
submodule in A(t). In the notation of (2.8), we have that A% , = A(A(t), A7, 1).
Hence the first assertion follows from Lemma (2.9).

Let I'® be the set of polynomials Q € A(t) such that 95Q = 0 fori > 0. If Q € T'®,
then 0°Q = Q. Therefore, it follows from Lemma (2.11) that 0°(AfQ) = AfQ and
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hence AfQ belongs to I'*. Thus I'* is Aj-invariant. In addition, I'® is an A-
submodule because the maps 0 are A-linear and, obviously, the unity 1 belongs
to I'". As A% ;. is the smallest Af-invariant A-submodule containing 1, it follows
that A% Jk is contained in I'. Conversely, if @ belongs to I'?, then it follows from
(2.10.2) with P := @ and S := 1 that

(2.12.3) Ev:(Q) = Q.

In particular, then @ belongs to the image A‘Z/k. Hence Ai/k =TI,
Consider Equation (2.12.1). For any polynomial P we have the equation

(2.12.4) P=Ev:(P)+ (i Evf(af+1p)ti)t,
1=0

as it follows from (2.10.1) with S := 1. In particular, there is a decomposition
P = Q+ Rt where Q € A5 Ik Moreover, the decomposition is unique. Indeed, since
A$1 = 0, the polynomial Rt belongs to the kernel of Ev®. Hence, by (2.12.3), it
follows from P = Q+ Rt, where @) € Ai‘/k, that @ = Ev®(P). So the decomposition
(2.12.1) holds, and Ev® is the projection on the first factor. Obviously, therefore
Ev© is the identity of A% /i and A(t)t is the kernel of Ev®.

Finally, since A® = T'¢| the equation (2.12.2) for Q € A® and R € A(t) follows
from (2.10.4) with P := @ and S := 1. O

2.13. Definition. Consider the graded k-subalgebra A% , of A(t) defined in Propo-
sition (2.12). It is Af-invariant, and so A§ defines, by restriction, an e-derivation
in A5 ks The induced e-derivation will be denoted df.

Clearly, the component of degree 0 in A% Jk is equal to A. The component of
degree 1 is the kernel of the map 0. The latter map is simply the multiplication
map A(t)' — A. So the component of degree 1 is the submodule I, considered
in (2.1).

The map Ev® induces, by (2.12.1), an isomorphism of graded A-modules with
k-linear endomorphisms,

(2.13.1) (Aayr, di) = (A% /g d7).

The inverse map is the composition A% e A(t) — Aas,. Thus any Leibniz
differential is of the form Q(d;)(1) with a uniquely determined polynomial @ €
A‘Z/k. In degree 0, the map is the identity of A. In degree 1, the map is the
identification of 14, and Ah/k.

Since A% /i 1s a graded k-algebra over A, the isomorphism (2.13.1) induces a
structure on A 4/, as a graded k-algebra over A. The product of Leibniz differentials
w, ™ with respect to the induced structure will be denoted w.wm. Note that the
product depends on the given € € k. It will be called the e-product in A 4.

Since df is an e-derivation of A% ., it follows that the endomorphism d; is an
e-derivation with respect to the e-product in A,/,. In particular, we have the
equation di(am) = dia.w + adyw. It follows from (2.4.2) that the e-product p.7 for
p €Ay sk 18 equal to the product considered in (2.4), and hence independent of €.
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Again, since d; is an e-derivation with respect to the e-product, we obtain from
(1.9), for P € A(t) and w,m € A, /y, the equations

(213.2) Pld)(wm) = 3 08 Pldy) (¢hyo) i
=0
=0

Note that (2.13.3) characterizes the e-product. Indeed, any Leibniz differential is
of the form P(d;)(1), and from (2.13.3) we obtain the equation

(2.13.4) P(dy)(1).m = > (=1)'e"=D/20 P(dy) (dj).
i=0

Note that (2.13.4) for Q € Ai‘/k specializes to the equation

(2.13.5) Q(dr)(1).7 = Q(d¢)(m).

With the e-product, the algebra A 44, is a k-algebra over A, and in particular an
A-A-module. Left multiplication by elements of A is the multiplication given by the
structure on A4y as a left A-module. In general, right multiplication by elements
of A depends on e. For instance, since d; is an e-derivation, we have that

d?a.b = dy(dia.b) — edsa.dyb.

The products dia.b and da.dyb are independent of €, and it is easy to give conditions
under which dya.d:b # 0 (cf. (3.14)). The structure on A4/, as a right A-module
via the e-product is given by (2.13.4). For instance, with P := t?a and 7 := b we
have that (¢ + h)? = ¢2 + (1 + &)th + h?, and it follows that

dZa.b = d?(ab) — (1 + ¢)di(adsb) + cad?b.

The A-module A% /i Is generated as a left A-module by all differentials of the form

d¢(adib). With respect to the e-product, we have that d;(ad;b) = dra.d:b + ad?b.
Hence Ai‘ Jk is generated by the differentials of the following two forms:

dfa, dta.dtb .
Similarly, AIB4 Jk is generated as a left A-module by the differentials of the four forms:
dfa, dfa.dtb, dta.dfb, dta.dtb.dtc.

2.14. Remark. The algebra A4/, with the e-product and the e-derivation d; has
the following universal property:

Given a graded k-algebra I over A and an e-derivation D of I'. Then there is a
unique homomorphism of k-algebras over A with k-linear endomorphisms,

(2.14.1) (Aayksdi) — (T, D).

Indeed, by (2.8), there is a unique homomorphism (2.14.1) of A-modules with k-
linear endomorphisms such that the unity 1 of A4/, is mapped to the unity 1 of I'.
It is the map induced by P — P(D)(1). Hence, under the isomorphism (2.13.1), it
is the map £ : A5, — I defined by E(Q) = Q(D)(1). Thus it suffices to prove

that F is a homomorphism with respect to the multiplications in the algebras. Let
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Q@ and R be polynomials in A%, ,,. Since Ev®(R) = R, we have that R = R(dS)(1).
Alk t
Hence, by (2.12.2), we have that

QR = Q(d;)(R) = Q(d) R(d7)(1).

Therefore, since E is a homomorphism of A-modules with endomorphisms, it follows
that

E(QR) = Q(D)R(D)(1) = Q(D)(E(R)).

By (2.12), we have that 95Q = 0 for ¢ > 0. Hence, from (2.9.1), applied with
Q@ := P and z := E(R), it follows that

QD)(E(R)) = QD)(1)E(R) = E(Q)E(R).
Hence F(QR) = E(Q)E(R), and the assertion has been proved.

2.15. Note. By Proposition (2.12), the polynomials @ of the subalgebra qu/k are
characterized by the equations 95Q = 0 for ¢ > 0. If € = 0, then, by (1.12), we have
that 9 = (9)". Hence, for ¢ = 0, the subalgebra A Jk is the kernel of the map
5. In fact, for £ = 0, it is easily seen that the subalgebra A% ;. of A(t) is equal to
A @ A(t)I 41, Hence, for ¢ = 0, right multiplication by elements of A is given by
the canonical structure of A 4/, as a right A-module defined in (2.2).

If e = 1 and k contains the field of rational numbers, then, again by (1.12), we
have that A% ;. is the kernel of 07.

3. KAHLER DIFFERENTIALS

The A-module of K&hler differentials is the maximal quotient of the module of
Leibniz differentials having the property that the endomorphism d; induces a dif-
ferential operator of order at most 1 on the quotient. This property the Kéahler
differentials share with the higher order differentials obtained from the most inter-
esting examples. More precisely, the module of Kéahler differentials is the quotient
Qasr = A/, where 2 is the smallest di-invariant A-submodule of A4/ con-
taining the elements

dy(bam) — bdy(am) — ady (br) + abdy(r),

for all a,b in A and 7 in A4/,. The Kéhler differentials form a graded A-module
and the k-linear endomorphism d; induces a k-linear endomorphism d on €24y
Denote the n’th graded piece of §24/;, by Q?&/k' We prove that, for every n > 1, we
have an exact sequence

0— Qg/k R4 Q%) N Q’;J; N Q% —0
of A-A-linear maps that is split by right A-linear maps.

For every element ¢ of k we show that 2 is a two sided ideal in A 4 /5, with respect
to the multiplication induced by A% Ik Hence €24/, inherits the multiplicative
structure of A% , and d becomes an e-derivation with respect to this structure. We
denote by Q% Jk the Kéhler differentials with the structure inherited from A% Jk and
show that (025 Jk? d) is universal for graded k-algebras over A with an e-derivation
D satisfying D(b1)a = aD(bl), for all a and b in A.

When the ring A is commutative, the first graded piece of the Kéhler differentials
is the A-module Q}L‘ Jk of first order Kéhler differentials of the k-algebra A. We
show that, when the first order Kéahler differentials form a finitely generated free
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A-module, the graded pieces of the Kéhler differentials are free A-modules, and we
describe explicitly bases for these modules.

We also define the Kéhler differentials of an A-module and show how a connection
on the module gives rise to a map on the Kéahler differentials of the module with
properties similar to a derivation.

3.1. Lemma. Let R be a subset of A,l4/k- Denote by A(R) the subset of Ay
consisting of all sums of Leibniz differentials of the following form:

(3.1.1) P(di)(p.mt) for Pc A(t), peR, € Ayyp.

Then A(R) is a homogeneous di-invariant A-A-submodule of A 45, The component
of degree 0 of A(R) vanishes and the component of degree 1 is the A-A-submodule
of Ah/k generated by R. Finally, for any €, we have that A(R) is an ideal with
respect to the e-product in Ay,

Proof. We have that 2A(R) is a right A-submodule because the map d; is right A-
linear in positive degree and the product p.7 is right A-linear. The remaining parts
of the first assertion are obvious.

Since the elements of R are of degree 1, the component of degree 0 in 2A(R)
contains only 0. Similarly, all elements of degree 1 of 2(R) are sums of the form
(3.1.1) with P and 7 of degree 0. Hence the component of degree 1 is the A-A-
submodule generated by R.

To prove the final assertion, we have to prove, for any element (3.1.1) and any
w € Ay, that the following two e-products belong to 2((R):

w.P(dy)(p.7), P(d)(pm)w.

For the first product, write w = Q(d;)(1) with a polynomial @ € Ai‘/k. Then it
follows from (2.13.5), that

w.P(dy)(p-m) = Q(de) P(de)(p.T).

Hence the first product is of the form (3.1.1).
Consider the second product. Since p is of degree 1, we have by (2.13.3) that
P(dy)(p.m)w = (=1)'e D207 P(dy) (£l diw).
i=0
Hence the second product is a sum of terms of the form (3.1.1). Thus both products
belong to 2A(R), and the proof of the lemma is complete. |

3.2. Definition. Let R be the subset of Ah/k formed by all elements of the fol-
lowing form:
(3.2.1) p = (dib)a — a(db) for a,b € A.
Let 2 := 2A(R) be the A-A-submodule of A4/, defined (3.1). Denote by Q4 the
quotient of A 4/, modulo 2. Since 2 is a homogeneous A-A-submodule, the quotient
Qa/ is a graded A-A-module. Since A(R) is di-invariant, the endomorphism d;
induces a k-linear endomorphism of degree 1 of the quotient

d : QA/k — QA/k

In fact, the endomorphism d is right A-linear in positive degrees since d; is right
A-linear in positive degrees.
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The elements of Q4 will be called (free) Kdhler differentials. When it is nec-
essary to indicate the dependence on the given k-algebra A, we will write d 4/, for
d.

Since A% = 0, the quotient map defines an isomorphism of A = A% /i onto the
Kahler differentials of degree 0, and we will always identify Q% Jk and A. In partic-
ular, the unit 1 of A will be considered as an element of €24,;. The endomorphism
d of 4, is induced by the endomorphism d; of A4y, and d; is induced by left
multiplication by ¢ in A(t). Hence, under the composition A(t) — Aa/i — Qayk,
the polynomial P is mapped to P(d)(1). In particular, every Kéahler differential is
of the form P(d)(1) for a suitable polynomial P.

Consider the component Q2 ;. of degree 1. It is the quotient of A}, modulo

AL, Since d; : A — A}4/k is a module derivation, it follows that d : A — Q}L‘/k is
a module derivation, that is,

d(ab) = (da)b + a(db).
Note that, by the choice of R, we have in Q}L‘/,C the equation, for a,b € A,
(db)a = a(db).

In particular, when A is commutative, it follows that the left structure and the
right structure of Q1 /K @S an A-module coincide.

3.3. Definition. As observed in (2.1), the A-A-module AL, /i can be identified with
the kernel 14/, of the multiplication map A ®; A — A. Under the identification
we have that d;b=1®r b —b®; 1, and

(3.3.1) (dib)a — a(dib) =1 Q@ ba — bR a — a® b+ ab®y, 1.

Hence A C I, /k can be identified with the A-A-submodule generated by all ele-
ments of the form (3.3.1). Let P} /i be the A-A-module defined as the quotient

(3.3.2) Py = (Ao A)/A,

Then there is an exact sequence of A-A-linear maps

1 4 ot
where 4! is the inclusion and r! is the surjection induced by the multiplication

map A ®; A — A. Moreover, 7! is split by the left A-linear map represented by

a — a ®j 1 and by the right A-linear map represented by a — 1 ® a.
For any A-module M, the tensor product P}x /K @A M is an A-module and a

quotient of A ®; A ®4 M = A ®; M. Define P}‘/k(M) = A/k ®a M, and let
di : M — P}x/k (M) be the k-linear map represented by  — 1 ®j x. Then, since
the map P sk — A has a right A-linear section, we obtain from (3.3.3) an exact
sequence of A-modules

.1 1
3.3.4 0— QY @4 M2 P (M) 24 M — 0.
Alk Alk

Clearly, the composition r},d}, is the identity map of M. Moreover, for a € A and
r € M, we have that 1 ®;, 1 Q4 a2 —a®k 1 @4 x = dia ® 4 x. It follows that

(3.3.5) dys(ax) — adyy(z) = it (da ®4 7).
The A-module P} /k(M ) is called the module of first order principal parts.
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View the tensor product A ®; A as the k-algebra A° := A ®; A°P. The multi-
plication in the algebra A® will be denoted by a dot. It is given by the equation
(a®b)(x®y) := axr ®yb. Thus A-A-submodules of A®j, A correspond to left ideals
of the algebra A°. In particular, I,y is the left ideal generated by the elements
(3.3.1). Right multiplication by a in the A-A-module A ®;, A corresponds to left
multiplication by 1 ® a in the algebra A°. Hence, for the element (3.3.1) we have
the equation

(dtb)a — a(dtb) = (1 Rk a)-dtb — ((1 Rk 1)dtb = dta-dtb.

It follows that ! is the left ideal of A® generated by all products d;a-d;b.

If A is commutative, then A° is the commutative algebra A ®; A and I,/ is
an ideal. Moreover, A is the square I AQ/k. Hence, when A is commutative, the
A-module QY /i, 18 the usual module I,y /I A2/k of Kahler differentials of degree 1,

and P}x / «(M) is the usual module of first order principal parts.

3.4. Lemma. Let ¢ : M — M’ be a k-linear map of A-modules. Then the fol-
lowing four conditions are equivalent:

(i) For all b€ A, the map by — by is an A-linear map M — M.
(ii) For all a,b € A and x € M, we have the equation

(3.4.1) p(bazx) — bp(az) = ap(bzr) — abp(x).

(iii) There exists an A-linear map u : P}‘/k (M) — M’ such that ¢ = ud};.
(iv) There exists an A-linear map, Q}L‘/,C Qa4 M — M’, denoted pRax — p.x, such
that, for all a € A and x € M, we have that

(3.4.2) plaz) = da.x + ap(x).

Proof. Clearly, (i) and (ii) are equivalent.

Assume (ii). Consider the A-linear extension A®, M — M’ defined by a ®j z —
ap(z). It follows from the condition in (ii) that the extension vanishes on the
submodule defining the quotient P} /k(M ). Hence the extension induces an A-
linear map w : P}Vk(M) — M. Clearly, ¢ = ud},. Hence (iii) holds.

Assume (iii). Define p.z := uip(p ®4 x). Then it follows from (3.3.5) that (iv)
holds.

Assume (iv). Then the left side of (3.4.1) is equal to db.ax and the right side is
equal to a(db.xz). Therefore, since (db)a = a(db), it follows that (ii) holds.

Hence the equivalence of the four conditions have been shown. O

3.5. Definition. A k-linear map ¢ : M — M’ of A-modules satisfying the equiv-
alent conditions of Lemma (3.4) is said to be a differential operator of order at
most 1 (for the k-algebra A), cf. [9, 16.8, p. 39]. It follows from the lemma, for
an A-module M, that the map d}, : M — P} /k(M ) is the universal differential
operator of order at most 1 defined on M.

3.6. Definition. The k-linear map d : Q4 — 4/ is a differential operator of
order at most 1, that is, for a,b € A and w € €24/, we have the equation

(3.6.1) d(baw) — bd(aw) — ad(bw) + abd(w) = 0.
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Indeed, w is the image of a Leibniz differential 7. So the expression on the left side
of (3.6.1) is the image of the following expression in A 4 :

dt (ba7r) — bdt ((ITF) — adt (b’ﬂ') + abdt(w).
By (2.4.2), the latter expression is equal to
dtb.mr — adtb.w = (dt(b)a — adt(b)).w.

It follows that the expression belongs to 2. Thus (3.6.1) holds.
Therefore, by Lemma (3.4), there is an induced A-linear product,

(3.6.2) i Qs ©a Qagk — Qagks

denoted p ® 4 w — p.w. As the tensor product is over A, we have that (pa).w =
p.(aw). Clearly, the map 4 is homogeneous of degree 1. In degree 0, it is the identity
of Q}A/k' Moreover, since the map d : €4/, — Q4 is right A-linear, it follows
easily that i is right A-linear in all degrees. By (3.4.2) we have that

(3.6.3) da.w = d(aw) — adw .

3.7. Lemma. Let w : N — N’ be a k-linear map of right A-modules. Then, in
the notation of Lemma (2.5), the right A-linear map wy : N®aAay — N' @alaj,
induces a right A-linear map of the quotients

(3.7.1) W : N®aAQap— N @aQayp,
if and only if, for allx € N and a,b € A, we have the equation in N’
(3.7.2) w(z)ba — w(zb)a — w(ra)b + w(xab) = 0.

Moreover, if (3.7.2) holds, then the induced map @ is homogeneous of degree —1,
and equations parallel to (2.5.2) and (2.5.3) hold for w.

Proof. Forn >0, let w, : N®4 AZ’/L; — N' ®4 A’A/k be the component of degree
n of the map w; of (2.5). Let p := (dib)a — a(d;b) with a,b € A. Then the left
side of (3.7.2) is the value wo(z ® 4 p). Since wy is right A-linear, it follows that wy
induces a right A-linear map wg : N ®4 Qh/k — N’ if and only if (3.7.2) holds.

Assume that equation (3.7.2) holds, and consider w, for n > 1. Denote by
N'"® 2 the image of N' ®4 2 in N’ ®4 Aa/,. To prove that w, induces a map
on the quotients, we have to prove, for an element w = P(d;)(p.7) in A"+, that
the value wy, (x ® 4 w) belongs to the submodule N’ ® A™. Clearly, we may assume
that P is homogeneous. Assume first that P is of positive degree. Then, since the
tensor product is over A, we may assume that P = tQ. Hence, by (2.5.2),

wn(@ @4w) = wn (v @4 dQ(d)(p.m)) = wlx) ©a Q) (pm),

and so wy,(z ®4 w) belongs to N’ ® 2. Assume next that P is of degree 0, that is,
P is an element ¢ of A. Then w = cp.w. It follows from (2.5.3) that

Wy (x @4 cp.m) = wo(xec @4 p) R .

As noted in the beginning of the proof, it follows from (3.7.2) that wg(xzc ® p) = 0.
Hence wy,(x ® 4 w) = 0. In particular, w,(z ® 4 w) belongs to N’ @ 2.
Thus the lemma has been proved. O
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3.8. Definition. Obviously, the condition (3.7.2) holds when w is the identity map
of A. Hence it follows from Lemma (3.7) that the map r; of (2.6) induces a right
A-linear map of degree —1 on the quotients. It will be denoted

ro: QA/k — QA/k'
The induced map r is A-A-linear, because r is A-A-linear.

Take as k-linear map w in (3.7) the map —d : A — Q,l4/k to obtain a right
A-linear map wy : Ay — Q}Mk ®a Aayi of degree —1. The condition (3.7.2)
holds, because d : A — Q}L‘/,C is a module derivation and (db)a = a(db). Hence it
follows from Lemma (3.7) that the right A-linear map w; induces a right A-linear
map of degree —1 on the quotients. It will be denoted

S : QA/k — Qh/k ®a QA/k'

Clearly, the maps r and s and the map 4 of (3.6) are induced on the quotients
by the maps r:, s; and i; of (2.6) and (2.4). As a consequence, when n > 1, we
obtain from (2.6) the following equations, for a € 4, p € Q}Mk and w € Q7

r(adw) = aw, r(p.w) = 0.
s(adw) = —da ® 4 w, s(pw) =pRaw.
3.9. Proposition. Assume that n > 1. Then the following sequence of A-A-linear

maps is exact:

T

0 —— Q,lax/k ®a QZ/k L QZJ; QZ/k 0,

and split by the right A-linear maps d and s.
Proof. The proof is identical to the proof of Proposition (2.7) O

3.10. Definition. By Lemma (3.1), the homogeneous A-A-submodule 2 of A4/,
defining €24/, is, for any €, an ideal with respect to the e-product. Therefore, when
A4/ is considered as a graded k-algebra over A via the e-product, there is a unique
product in €24, such that the canonical map

Aase — Qayn

is a homomorphism of k-algebras over A. The product in Q4 is called the e-
product. The endomorphism d of €24, is an e-derivation with respect to the e-
product. When €4, is considered as a graded k-algebra over A via the e-product,
it will be denoted Q‘Z/k.

3.11. Remark. Let M be an A-module and let ¢ be a k-linear endomorphism of
M. Let u be an element in the kernel of ¢. Consider the map of A-modules with
k-linear endomorphisms of (2.8)

(3.11.1) E: (Aajirdi) — (M, ).
Then the map E induces a map from the quotient
(3.11.2) (Qasx,d) — (M, ),

if and only if the restriction of ¢ to A(M, ¢, u) is a differential operator of order at
most 1, that is, for all a,b € A and all z € A(M, ¢, u), the following equation holds:

(3.11.3) p(bax) — bp(ax) — ap(bx) + abp(x) = 0.
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Indeed, since E is a map of A-modules with endomorphisms, it vanishes on the
A-submodule 2 defining 4/, if and only if it vanishes on all Leibniz differentials
of the form p.m where p = (dib)a — a(d:b). By definition of the product p.w, we
have that

p.m = di(bar) — bdi(aw) — ad:(br) + abdyr.

Hence, with & = E(r), the left hand side of (3.11.3) is the value E(p.7). Since the
map E : Ay, — A(M, p,u) is surjective, it follows that £ vanishes on 2, if and
only if (3.11.3) holds.

With respect to the e-product, the algebra 5 Jk has the following universal

property:

Given a graded k-algebra I' over A and an e-derivation D of I'. Assume for
all a,b € A that D(bl)a = aD(bl). Then there is a unique homomorphism of
k-algebras over A with k-linear endomorphisms,

(3.11.4) (Q% /4, d) — (T, D).
Indeed, by (2.14), there is a unique homomorphism of k-algebras over A with k-
linear endomorphisms
(3.11.5) (Aask,di) — (I, D).
Since D is an e-derivation, we have, for all a,b € A and = € I, that

D(bax) — bD(ax) — aD(bx) + abD(x) = D(bl)ax — aD(bl)x = 0.
In particular, the equation (3.11.3) with ¢ := D holds. Hence (3.11.5) descends to
the map (3.11.4), and since (3.11.5) is a map of k-algebras over A, so is (3.11.4).
3.12. Proposition. Let {x1,...,x,} be a subset of A such that the differentials
dx; form a left A-basis for Q}Mk. Then QZ/k is a free left A-module with a basis
of m(m + 1)"~1 elements. More precisely, let Xy be the subset {dxy,...,dr,} of
Qh/k and, inductively, let X, 11 be the subset of QZJ; consisting of elements of any
of the following two forms:

d¢ or dx;j. & forE€X,, j=1,...,m.

Then the set X, is a left A-basis for QZ/k'

Proof. By hypothesis, the set X; is a left A-basis for 9}4/1@- Since a(dz) = (dx)a,
the set X} is also a right A-basis for Q}Lx Ik Hence, by induction on n, the assertion
follows from the exact sequence of Proposition (3.9). |

3.13. Corollary. Assume that A is commutative. Let {x1,...,xm,} be a subset
of A such that the differentials dx; form an A-basis of Qh/k. Then the set of all
e-products,

(3.13.1) T=d"x; ...d"zy,
where each n; > 0 and nq + - -- + n; =n, form a left A-basis of QZ/k'

Proof. Let €' be the A-submodule of €4, generated by all products (3.13.1). Since
d is an e-derivation of Q25 , . it follows for a product 7 of the form (3.13.1) that dr
is a k-linear combination of similar products. Moreover, for f € A we have that
df is an A-linear combination of the dz;. Hence d(fr) = df.m + fdr belongs to
Q. Thus the A-submodule )’ is d-invariant. In addition, it contains 1, which is
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the empty product (3.13.1). Hence € contains all K&hler differentials P(d)(1) for
P e A(t). Thus Q' = Q.

The number of products (3.13.1) of degree n is m(m+1)""! when n > 1. Indeed,
in the product (3.13.1) write d™xj;, = d- - - d(dx;,) to see that the products (3.13.1)
of degree n correspond bijectively to “formal” strings 47 - - - §,, where each symbol
d; is either equal to d or equal to a differential dz; and the last symbol d,, is not
equal to d. Clearly, the number of such formal strings is equal to (m + 1) 'm.
Therefore, since the number of products it equal to the rank of the free A-module
QR Ik it follows that the products form an A-basis. O

3.14. Note. Assume the setup of the corollary. The endomorphism d of €4, is
determined in the basis since d is an e-derivation and df, for f € A, has an ex-
pansion as an A-linear combination of the differentials dx;. The coefficients in the
expansion may be called the partial derivatives of f, denoted f;J Note also that
the e-multiplication is determined in terms of the basis, since dz;.f = fdz; and
inductively, for n > 1,

A"y f = d(d ;. f) — e"d";.df -

By induction on n, it follows that d"«;.f in the A-basis of products (3.13.1) has an
expansion where the coefficients are k-linear combinations of iterations of partial
derivatives of f.

For instance, for n = 2 we obtain the equation

d*x;.f = d(dz;.f) — edx;.df

= d(fdz;) — edz;.df = fd*x; + Z fo, dxidr; — EZ fo daj.dr; .
i=1 i=1
In particular, for f := x; it follows that
dej.xi = xidej +dx;.dr; —edxj.dx; .

Hence, if m > 2, the structure on QE‘ Jk 8S a right A-module given by the e-product
is different from the structure as a left module.
3.15. Note. Let M be an A-module. Then, since 4}, is a graded A-A-module, the
tensor product
Qa/m(M) == Qapp @a M

is a graded A-module. In addition, since the map d in positive degrees and the
maps i, 7, and s are right A-linear, there are induced maps for n > 1:

dar s Qo (M) — QUMY sar + QUTAM) — QY @4 (M),

ISVEE QQJ;(M) — Q% (M), in o Qg ®a Vg (M) — Qj;j;(M),
Moreover, from (3.9) we obtain, for n > 1, the exact sequence of A-linear maps

0 — QY @4 Q% (M) 25 QL (M) 25 Q7 (M) — 0,

which is split by the k-linear maps dj; and sjp;.

3.16. Note. For a right A-module N, let Q,4,[N] be the graded k-module defined
by

Qa/k[N] =N ®4 Qayp-
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When the exact sequence of (3.9) for n > 1 is tensored from the left with N, we
obtain the exact sequence of k-linear maps,

Qu/u[N) @4 O ) = QZJ; [N] = % 4 [N] — 0,

where iy ;== Iy ®4 i and ry = 1y ®4 7. The map iy is called the product, and
we write .w 1= in(§ R4 w).

A connection in N is a k-linear map V : N — N @4 Q}Lx/k such that, for x € N
and a € A,

V(za) = V(z)a+ R4 da.

A connection V on N extends uniquely to a k-linear endomorphism, homogeneous
of degree 1,

such that, for z € N and w € Q41,
(3.16.2) Viz®sw)=V(x)w+ 2z Q4 dw.

Indeed, to define the extended map V, it suffices to note that, by the property of
a connection, we have that

V(za)w +za @4 dw = V(z).aw + z @4 d(aw).

For a given connection V of N, there is a k-linear homomorphism, homogeneous
of degree —1,

(3.16.3) sv i N@aQan — N©aQy, ®aQa,

obtained from Lemma (3.7) by taking as w the map -V : N — N ®4 Qz/k.
Indeed, we have that

—V(z)ba + V(xb)a + V(za)b — V(zab) = (x ® 4 db)a — xa ®4 db = 0,

and consequently the necessary equation (3.7.2) holds.
The two equations asserted at the end of (3.7) are the following, for z € N,
pE Q}Lx/k and w € Q?&/k:
sv(x ®adw) =-V(z) @4 w for n > 1,
sv(z®pw)=r®4p®aw.

It follows, for n > 1, that the following sequence of k-linear maps is exact:
0— QY [N ©a Q% ), — QZJ/F;[N] = Q% [N] =0,

and split by the k-linear maps V and sy.
Finally, for the given €, we have that 2,/ is a graded k-algebra Q5 Jk with

respect to the e-product. Hence Q,4,,[N] = N ®4 Q5 Jk is a graded right module
97 /k[N | over the graded k-algebra Q% /k- The following equation, for £ € Q5 /k[N ]
and w € Q5 Ik follows easily from the definitions:

V(éw) = V(§w + e (§)dw.
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4. ACTIONS OF DIFFERENTIALS ON MODULES

In this section we show how the theory of Leibniz and Kéahler differentials is used
to study higher order differentials in applications. In a typical situation we have
an A-module C together with a k-linear endomorphism ¢ of C' and an element u
such that p(u) = 0. The higher order differentials appear as the elements of the
smallest A-submodule T" of C' that contains u and is invariant under ¢.

Fix an element € of k. In the above situation we obtain a homomorphism A% Ik

Endy(C) of k-algebras over A, which sends a polynomial P(t) to the endomorphism
P(p) of C. Denote by A®(p) the image of this map. The map End(C) — C, which
sends an endomorphism % to 1 (u), induces a surjection A°(p) — T' of A-modules.
The main result of this section gives criteria for the surjection A®(¢) — I' to be
an isomorphism and, when the criteria are fulfilled, gives an explicit formula for
the product I' ®, C — C, induced by the natural product A®(¢) ®; C — C. In
particular, when the criteria are fulfilled, we have that the module I' of higher
order differentials inherits a structure as a k-algebra from the sub-algebra A°(p) of
Endi(C), and we have a surjection A% ,; — I' of k-algebras over A. Moreover, then
under the product I' ®, C' — C we have that C' is a I'-module.

4.1. Remark. Let C be an A-module and let ¢ be a k-linear endomorphism of C'.
Then the map P — P(yp) is a homomorphism of k-algebras over A,

(4.1.1) Ev, : A(t) — Endg(C).
Accordingly, C has a structure as a module over A(t), extending its structure as an
A-module. The corresponding A-linear action,
(4.1.2) A(t) @ C — C,
is given by the formula P.z = P(p)(x). The pair (A$, ¢) is an e-derivation for the
product (4.1.2). Indeed, since A7 P = tP — (4. P)t, the equation
p(P.x) = (A;P).x + (eq P)-p(x)

follows from the identity

PP (p) = eP(p) — (e P)(9)p + (€ P) () -

Restriction of the homomorphism (4.1.1) to the subalgebra A% ,, of A(t) defines
a homomorphism of k-algebras over A,

(4.1.3) A% — Endi(O).

Denote by A®(p) the image of the homomorphism (4.1.3). Via the homomorphism
(4.1.3), we have that C' is a module over A% ; and is a faithful module over A®(¢).
The corresponding A-linear product

(4.1.4) NS @ C — C

is given by the formula Q.z := Q(¢)(x) for Q € A%, and x € C. Since (Af, v) is

an e-derivation for the product (4.1.2), it follows that (df, ¢) is an e-derivation for
the product (4.1.4).

4.2. Lemma. The homomorphism A% , — Endi(C) of (4.1.3) descends to a ho-
momorphism of k-algebras over A from the quotient

(4.2.1) 9%, — Endg(C),
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if and only if the endomorphism ¢ of C is a differential operator of order at most
1.

Proof. The map (4.1.3) is the restriction of Ev,, to the subalgebra A% ), of A(t).
Under the isomorphism A% /e A g of (2.13) we have that QF Jk is the quotient
of A%, ;. modulo the ideal 2% consisting of sums of polynomials of the form

(4.2.2) P(A7)(pQ),

where P € A(t), Q € A%y, and p = (A¢b)a — a(Ad) for a,b € A. The ideal A¢
is homogeneous. So, if B is the ideal generated by all homogeneous polynomials
in the kernel of Ev,,, it follows that the homomorphism A5, — Endg(C) factors
through the quotient, if and only if B contains all polynomials of the form (4.2.2).

Assume first that B contains all polynomials (4.2.2). Then, in particular, p € B
and thus Ev,(p) = 0. Since p = (Asb)a — a(Asb), it follows that Ev,(A¢d)ac =
ac Evy,(A¢b). Hence the map Ev,(Ayb) is A-linear for all b € A. As Ev,(Ad) =
wbe — boyp, it follows that ¢ is a differential operator of order at most 1.

Assume conversely that ¢ is a differential operator of order at most 1. Then, by
the above calculation, any polynomial of the form p = (Asb)a — a(A4d) is contained
in the kernel of Ev,,, and hence p € B. The ideal B is homogeneous, and therefore
A§-invariant. Therefore, since p € B, it follows that every element (4.2.2) belongs
to ‘B.

Hence the equivalence has been proved. O

4.3. Definition. Let C be an A-module and let ¢ be a k-linear endomorphism of
C. Via the isomorphism A4/, == A% ;. of (2.13), the product (4.1.4) defines an
action of A4/, on C

(431) AA/k: QL C — O,

denoted 7@y x + m.z. It is called the e-action of A 4/, on C. Note that the product
m.x depends on €. As the map (4.1.3) is a map of k-algebras over A, it follows that
the map (4.3.1) is A-linear and that the tensor product over k in the source can
be replaced by the tensor product over A. In other words, for a € A, we have the
equations a(m.z) = (am.xz) and (7.a).z = 7.(ax). In addition, since (df,¢) is an
e-derivation for the product (4.1.4), it follows that (dy, ¢) is an e-derivation for the
e-product, that is, for m € A4/, and z € C, we have the equation

(4.3.2) p(m.x) = (dim).x + ege(m). 2.

For ¢ = 0, we have that the right e-multiplication by elements of A is the multipli-
cation given by the structure of A4/ as an A-A-module. Hence we may view the
map (4.3.1) as an A-linear map

(4.3.3) AA/k ®aC — C.
Moreover, if € = 0, then the second term on the right side of (4.3.2) vanishes when

7 has no components of degree 0. Hence, for n > 1, there is a commutative diagram

dy n
(4.3.4) AZ/k ®4C % AAJ/r/i ®@aC

|,

C ——C

where the vertical maps are the e-products for € = 0.
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Assume that ¢ is a differential operator of order at most 1. Then it follows from
Lemma (4.2) that the e-action of A 4,5, on C' descends to an e-action of €24 /4, on C.
Clearly, the properties described above for the action of A 4/, descend to analogous
properties of the action of 4.

4.4. Proposition. In the setup of (4.1), assume that C is a graded A-module, and
assume either that ¢ is homogeneous of degree 1, or assume that e =1 and that ¢
is homogeneous of degree 0. Let u be an element of degree 0 in the kernel of v, and

let T = A(C, p,u) be the submodule of C defined in (2.8). Then the following three
conditions are equivalent:

(i) The evaluation map Endg(C) — C given by X\ — A(u) induces an isomor-
phism E : A®(p) =>T.
(ii) If @ is a polynomial in A5 ;. such that Q(¢)(u) = 0, then Q(p) = 0.
(iii) There exists an A-linear product T @y C — C' for which u is a left unit and ¢
is an e-derivation, i.e., p(v.x) = @(7).x + (€gy).0(x) fory €T and x € C.

Assume that the three conditions hold. Then the following assertions hold:
(1) The product in (iii) is unique and given by the formula
(4.4.1) P(p)(u).x =y (=1)'eC"V20: P(p)g ().
i=0
(2) The A-submoduleT" of C' is stable under the product. Moreover, with the induced

product, the A-module T is a k-algebra over A with a — au as structure map, and
C is a faithful T'-module.

Proof. Let B be the image of the map (4.1.1). Then B is a k-subalgebra over A
of Endy(C). Assume first that ¢ is homogeneous of degree 1. If P is a polynomial
of degree p, the image P(y) is homogeneous of degree p. Hence the image B has
a natural structure of a graded k-algebra over A such that the map A(t) — B is
a surjection of graded k-algebras over A. Let A be the interior e-derivation of B
determined by . Then, clearly, the map P — P(p) is a surjection of k-algebras
over A with endomorphisms

(4.4.2) (A(t), AS) — (B, AS).

If ¢ is of degree 0, then all endomorphisms of B are of degree 0. However, then
e =1 and A is the usual commutator, so we still have the surjection (4.4.2).

The elements of A%, are polynomials of the form P(Af)(1), and under (4.4.2)
the polynomial P(Af)(1) is mapped to the endomorphism P(Af)(1¢). It fol-
lows that the k-subalgebra A®(p) of B consists of the endomorphisms of the form
P(A5)(1¢). In particular, A*(p) is invariant under Af,. Denote by d, the induced
e-derivation of A®(p). Clearly, the pair (d°, ) is an e-derivation for the product
AE((p) QR C — C.

Since ¢(u) = 0, it follows that evaluation A\ — A(u) is a map (B, A%) — (C, ¢).
Hence, under evaluation, P(AZ)(1¢) is mapped to P(¢)(u). Therefore, the evalu-
ation map is a surjection of A-modules with k-linear endomorphisms

(4.4.3) E (Aa(go)7dfp) — (T, ).

Clearly, the condition (ii) is that the homomorphism F is injective. Therefore,
the conditions (i) and (ii) are equivalent.
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Assume that the conditions (i) and (ii) hold. Then an A-linear product as in
(iil) is defined using the structure of C' as a A®(¢)-module and the isomorphism E.
The element u is a unit for the product, because u = E(1¢) is the image of the unit
A% (). It follows from (4.4.3) that the endomorphism ¢ of " under the isomorphism
E corresponds to the endomorphism d, of A®(¢). Therefore, since (d¢, ¢) is an e-
derivation, it follows that ¢ is a derivation for the product I' ®, C' — C.

Conversely, assume that there is given a product with the properties in (iii). It
follows from the second equation of Corollary (1.9) that the equation (4.4.1) holds.
In particular, for @ € A5 /K We have the equation

(4.4.4) Qp)(u).x = Qp)(z).

It follows from the latter equation that the composition

A% (p) Ero Endg (),

where the second map is the representation determined by the product '®;C — C,
is equal to the inclusion of A®(y) in Endg(C). In particular, the homomorphism E
is injective, that is, condition (ii) holds.

Thus the three conditions are equivalent. To prove the remaining assertions,
assume that the three conditions hold. The equation (4.4.1) was shown to be a
consequence of the properties of the product. Clearly, the equation implies that
the product is unique. Moreover, the equation (4.4.1) implies the equation (4.4.4)
for @ € A% ;.. Since E is surjective, any element z of I' is of the form R(p)(u) for
a polynomial R of A5 ;. It follows from (4.4.4) that

Qp)(u)-R(p)(u) = Q) R(p)(u).

Therefore, the A-module I' is stable under the product and the map E is a ho-
momorphism also with respect to the product. Since A°(yp) is a k-algebra over A
and C' is a A°(p)-module, it follows that T is a k-algebra over A and that C is a
I'-module. Thus the remaining assertions of the proposition have been proved. [

4.5. Note. Let p := (Ab)a — a(A¢d) with a,b € A. As noted in the proof of (4.2),
we have that p(¢) = pba — bpa — apb + abp. In particular, if v € C' is an element
in the kernel of ¢, then we have the equation

p(p)(u) = p(bau) — bp(au) — ap(bu).

Assume that A is commutative. Then, clearly, we have that p(p)(u) = 0 for all
a,b € A, if and only if the map a — ¢(au) is a module derivation A — C. In
particular, in the setup of (4.4), if the condition (ii) holds and a +— ¢(au) is a
module derivation, then ¢ is a differential operator of order at most 1.

5. DERIVATION SYSTEMS

The natural framework for the theory of higher order differentials is derivation
systems. Such systems consist of a graded A-module C' such that the graded piece
Cy of degree 0 is isomorphic to A, together with a differential operator d on C' of
order at most 1 such that d(1) = 0. The derivation systems give rise to triples
(C,p,u) of the form considered in the previous section, with ¢ := d and u := 1.
In applications all such triples come from derivation systems. The higher order
differentials of the derivation system are the elements of the smallest d-invariant



1330 DAN LAKSOV AND ANDERS THORUP

A-submodule (C) of C which contains 1 € A = Cy. We have that Q(C) is a
graded A module.

Since d is a differential operator of order at most 1, we obtain by Lemma (3.4)
an A-linear map Qh/k ®4 C — C, denoted p®4 F — p.F, such that df.F =
d(fF) — fdF, for all f € A and F € C. Moreover, since in addition d(1) = 0,
we have that d : A — C7 is an A-module derivation and we obtain a surjective
A-linear map Q}Lx/k — QY(C). In all applications, the map Q}A/k ®4 C — C factors
over the quotient map QY /®aC — QY(C) ®a C. When the latter condition is
satisfied, we call the derivation system (C,d) a Kdhler system.

The main part of this section is devoted to the examples that appear most
frequently in applications, and to illustrate how our setup is designed to incorporate,
in a natural way, the main applications. In particular, we introduce the system of
higher order differentials for C'°*°-manifolds constructed by P.-A. Meyer, and our
non-commutative generalization of Iitaka’s higher order differentials for smooth
schemes. Both systems are Kahler systems.

5.1. Setup. Assume that A is a commutative k-algebra. In the sequel we will con-
sider systems (C, d) consisting of a graded A-module C' whose component of degree
0 is equal to A and a k-linear endomorphism d of degree 1 of C' such that the unity
1 of A is in the kernel of d. The system will be called a derivation system for
the k-algebra A, if d is a differential operator of order at most 1. To distinguish
the endomorphism d of C' from the endomorphism of the module 4/, of Kahler
differentials, we write d 4, for the latter.

Fix a derivation system (C,d). The homogeneous components of the map d may
be viewed as a sequence of differential operators of order at most 1:

A=Cotoy tey b

Clearly, since 1 is in the kernel of d, the component d : A — Cj is a module
derivation. Denote by Q(C) the smallest d-invariant A-submodule of C' containing
the unity 1. In the notation of (2.8) we have that Q(C) = A(C,d, 1) is the image
of the map A(t) — C given by P — P(d)(1). Clearly, Q(C) is a homogeneous
A-submodule of C. Its elements of degree n will be called n-forms. The 0-forms
are the elements of A = Cy and the 1-forms are A-linear combinations of elements
of the form da for a € A.

Since the unity 1 is in the kernel of d, the map P +— P(d)(1) induces by (2.8) a
map of graded A-modules with k-linear endomorphisms

(5.1.1) (Aask,di) — (C,d).
The image of m € A 45, will be denoted by 7.

Since d is a differential operator of order at most 1, there is, by Lemma (3.4), an
A-linear product 9114/19 ®4 C — C, denoted p ®4 x — p.x, such that, for all f € A
and F' € C, we have that
(5.1.2) d(fF) = (daif).F + fdF .

The k-linear map of degree —1 obtained as in Lemma (2.5) by taking as w the
k-linear map —d : A — Q(C) will be denoted
(513) Sct t AA/k —>Ql(0) ®A AA/k

Obviously, the map sc ¢ is the composition of the k-linear map s; of (2.6) and the
surjective A-linear map A}y, ®4 Ay, — Q'(C) ®a A4y, induced by the canonical
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map (5.1.1). In particular, for f € A, p € A}Lx/kv and ™ € A’A/k, we obtain from
(2.6.2) the formulas

(5.1.4) SCt(fdﬂT) =—df ®am, Sc,g(p.ﬂ') =pR®aT.
When A4/, is identified with the subalgebra A5y, of A< )y as in (2.13.1), we write

for the resulting map.
Since d is a differential operator of order at most 1, it follows from (3.11) that
the map (5.1.1) induces a homomorphism from the quotient

(5.1.7) (Qasr,das) — (C,d),

and Q(C) is the image of the induced map. Equivalently, there is a commutative
diagram with A-linear vertical maps,

dA/k dayk

H Q,lax/k Q2 Ak 7
d &2

5.2. Definition. A derivation system (C,d) as in (5.1) will be called a Kdhler
system is there exists an A-linear product Q'(C)®4C — C, denoted p@4 F + p.F,
such that, for f € A and F € C, the following equation holds:

(5.2.1) df.F = d(fF) — fdF .

Clearly, the product is completely determined by the equation (5.2.1). Equivalently,
the system (C,d) is a Kéhler system if the product QY sk ®a C — C determined
by (5.1.2) factors over the quotient Q'(C) ®4 C. In particular, if the canonical
surjection Q) , — Q'(C) of (5.1.7) is an isomorphism, then the system is a Kahler
system.

Note that if a system (C,d) as in (5.1) is given such that there exists a product
satisfying the equation (5.2.1), then d is a differential operator of order at most 1.

If (C,d) is a Kihler system, then, for p € Ah/k and m € Ay, we have the
following equation:

(5.2.2) = p.7.

Indeed, to verify the equation, we may assume that p = d;f for f € A. Then, by
(2.4.2), we have that d; f.r = di(f7) — fdem. It follows that

dif.m=d(f7) — fdr =df.7 =dif.7.

5.3. Example. Let d : A — M be a module derivation. Then, clearly, there is
a derivation system (C,d) with Cy := A, C; := M and C,, := 0 for n > 1. The
system is a Kéhler system with the product Q(C) ®4 C,, — C, 41 defined as the
inclusion of Q*(C) into C; for n = 0 and as the zero map for n > 0.

5.4. Example. Assume that C is a graded k-algebra over A with Cy = A. Let
D be an e-derivation of degree 1 of C. Assume for all f € A that the element D f
in C1 commutes with the elements of A. Then (C, D) is a K&hler system. Indeed,
since D is an e-derivation and the elements of A are of degree 0, we have that
D(fx) — fD(x) = D(f)z. Hence the endomorphism D is a differential operator of
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degree at most 1, and the product of (5.2) is given by the product in the algebra
C.

5.5. Example. Clearly, the free Kahler differentials form a derivation system
(C,d) = (Qayk,dayy). Obviously, Q'(C) = Qk/k, and hence the system is a Kihler
system. Moreover, as noted at the end of (5.1), the system of free Kéhler differen-
tials is the universal derivation system for A.

An alternative construction of the universal derivation system is given as follows:
Let d : Cop — Cy be the map du;, : A — Qh/k. Inductively, for n > 1, let C,41
be the A-module P} , (Cy) of first order principal parts of Cy, and let d = dg,, :
C,, — Cp41 be the universal differential operator of order at most 1 defined on C,.
Then, clearly, the system (C, d) is a universal derivation system. It follows that the
system obtained by the alternative construction is isomorphic to the system of free
Kahler differentials. In particular, there is, for n > 1, an A-linear isomorphism

n

QZ&J/F; - Pz}l/k e P,}l/k(ﬂxléi/k)'

5.6. Remark. Several important derivation systems are obtained as follows:
We are given a sequence of maps of commutative k-algebras
A=Cy 50 5 Cy 5 -
View each C, 41 as a Cy-module via the map ¢. In addition, assume that we have
k-linear maps d : C,, — Cj,+1 which are module derivations from the k-algebra C,,
to the C,,-module C), 1.

The structure on C,, as an A-module is given by the composition /™ : A — C,,,
that is, by fF := (\"f)F for f € A and F € C,. Since each map d : C,, — Cp41
is a module derivation, we have that

d(FQG) = (dF)(tG) + (LF)(dG).
As a consequence, for f € A and F' € C,,, we have that
d(fF) = fdF = (d" f)(LF).

In particular, it follows that each map d : C, — C,11 is a differential operator
of order at most 1 for A. Hence the system (C,d) is a derivation system, and the
product 9}4 /k ®A C — (' is determined by the equation

(5.6.1) (dajif).F = (d" f)(LF),

for a € A and F € C),. Moreover, the system is a Kahler system if and only if, for
each n > 1, there exists an A-linear map i, : Q'(C) — C,, 11 such that, for f € A,
we have that

(5.6.2) in(df) =d" f.

Indeed, if the product of (5.2) exists, then i, may be defined by i, (p) = p.1,, where
1, is the unity of C,. Conversely, if the maps i, exist, then the product may be
defined by p.F = i, (p)LF.

For instance, there is a derivation system (C4 /i, d) defined as follows: Let Cp :=
A and, inductively, let C}, 41 = Symg Qlcn Jk be the symmetric algebra of the C,,-

module Qlcn /k and let d : C), — Cj,41 be the composition of the universal derivation
de, i+ Cn — Qlcn/k and the inclusion of QlCn/k into Cy, 41 = Symg, QlCn/k' The
system is a Kéhler system, because 2}, = Q'(C).
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This example is the non-commutative version of Titaka’s construction referred to
in the introduction.

5.7. Example (Iitaka). Consider the following construction: Given commutative
k-algebras A = Cy and C7 and maps ¢,d : Cy — C7, where ¢ is a map of k-algebras
and d is a module derivation from Cy to the Cp-module Cy. Form the symmetric
algebra S := Sym, Qlcl/kv and the maps ,d : C; — S, where 7 is the inclusion of
algebras C; — S and d is the universal derivation dc,/k + C1 — S. Finally, let Co
be the k-algebra obtained as the quotient of S modulo the ideal generated by all
differences id(z) — du(x) for & € Cy. Define new maps ¢,d : C; — Cy as the maps
obtained by composing z, d with the quotient map S — Cs.

Clearly, the k-algebra C5 and the new maps ¢,d : C; — Cs have the following
universal property: Given commutative k-algebras C(), C], C4 and maps ¢/,d" :
Cl — Cf and //,d : C] — Cf such that the maps ¢/ are maps of k-algebras and
the maps d’ are module derivations. Let ¢g : Cy — C} and @1 : C; — Cf be
maps of k-algebras such that 11t = /1pg and ¥1d = d'vpg. Assume that d'v/ = //d’.
Then there is a unique map of k-algebras 12 : Cy — C such that ¥t = /1)1 and
Yod = d'ir.

The construction is iterated as follows: Assume that ¢,d : C,_1 — C, are
defined, where ¢ is a map of k-algebras and d is a module derivation into the C),_1-
module C,,. Apply the construction with Cy := C,,_; and C; := C,, to obtain a
k-algebra C),+1 and maps ¢,d : Cp, — Cpy1.

The system obtained by the iterated construction is a Kéahler system. Indeed,
for n > 1, let @, denote the C,,_1-submodule of C), generated by elements dx for
x € Cp_1. In particular, then Q; = Q!(C). It follows from the construction that
we have the equation td = dt of composite maps C,,—1 — Cp41. In particular,
the Cp-linear map ¢+ : C, — Ch41 induces a C,_i-linear map of submodules
i Qn — Qpny1. Clearly, the following diagram is commutative:

Cn—l ;’ Cn

TR
Qn ;’Qn+l-

It follows that if 4, : Q'(C) — C,,11 is the map defined by n compositions of the
maps ¢ followed by the inclusion of Q,,+1 into Cy,41, then 4, (df) = di™ f. Therefore,
as noted in (5.6), the system are a Kéhler system.

The derivation system (C11*, d), related to the works of Iitaka [10], [11], [12], [13]
and Johnson [14], [15], is the system obtained when Cy = A, Cy := Symy, Q}L‘/,C
and t,d : A — C; are, respectively, the inclusion of algebras and the universal
derivation d 4. In particular, the system of Iitaka is a Kéhler system. Moreover,
by the universal property of the simple construction of the first paragraph, we
obtain the universal property of the system (CU* d): Given a derivation system
(C,d) with the additional structure of (5.6). Assume that d¢ = ud, that is, the
system is a prolongation sequence in the sense of Johnson [15]. Then any map
Yo :+ A — Cp of k-algebras extends uniquely to a family ¢ = {¢,,} of maps of
k-algebras v, : CH* — C,, such that ¢d = dyp and 1 = 1.

Let Q1% be the k-algebra obtained as the direct limit of the k-algebras C}* with
respect to the maps ¢. Then Qf}f/k is a commutative A-algebra. Moreover, since
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dt = ud, the derivations d induce a derivation d of Qf}f/k Let B be a commutative

A-algebra, and let D be a k-linear derivation of B. By the universal property of the

system (CU*, d), applied to the system (C,d) where C,, := B, d := D and the maps

¢ are the identity of B, there is a unique map of k-algebras with k-linear derivations
(Szgakﬂ d) - (f?,l)).

Consider the A-module €4/, with the e-product of (3.10) for ¢ = 1. Then
Q41 is a k-algebra over A, and d,/;, is a derivation of the algebra. Let Q;}'/";C
be the quotient algebra obtained by dividing the algebra €24, by its commutator
ideal. Then Qj’;’z is a commutative A-algebra and it has a derivation d induced by
da/i- By the universal property (3.11) of (Q4,x,da/x), applied when I' := B is a
commutative k-algebra and D is a derivation, it follows that (Qj’;};, d) has the same
universal property as (fo‘t/k, d). Hence there is a canonical isomorphism of Qjﬁ
and ij‘t/ - The algebra Qj’;‘; and related algebras will be studied in more detail in
Section 7.

5.8. Before we introduce the next example, we give some properties of the module
of first order Kéhler differentials of a symmetric algebra. The setup will be used in
Example (5.9), and is analogous to the setup in Example (5.10) on differentiable
manifolds.

Let @ be an A-module. Form the symmetric algebra S := Sym4@Q and the
universal derivation dg/;, : S — le Ik Then, as is well known, there is a canonical

isomorphism Q}g /A= Q ®4 S of S-modules and a commutative diagram

(5.8.1) A—-—>S

ds/a
dask ds/k

V) ®a8 594, —5 Q@45 ——0,

where the bottom row is the usual exact sequence of S-linear maps induced from
the composition k — A — S. In fact, since S is a graded algebra, the modules le /k
and Q}g /4 are graded S-modules, and the maps of the diagram are homogeneous,
when the factor @) in the tensor product is given degree 1.

Denote by le/lk the component of degree 1 of le Ik Then the degree-1 part of
the diagram (5.8.1) is a commutative diagram

(5.8.2) Q
dg,{ &
il 1.1 7‘1

Yy, ®4Q ——= Qg ——Q 0,

where the row is an exact sequence of A-linear maps.
It is a consequence of the following lemma that the map i} is always injective.

Lemma. The map iy of (5.8.2) is always injective. In fact, there is an A-linear
isomorphism le/lk = P}‘/k(Q) under which the row in (5.8.2) is isomorphic to the
short exact sequence of (3.3.4). Moreover, the following conditions are equivalent:
(i) The homomorphism iy in (5.8.2) has an A-linear left-inverse.
(ii) There exists a k-linear connection V : Q — Q}A/k ®4 Q.
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(iii) The homomorphism is in (5.8.1) has a homogeneous S-linear left-inverse.
(iv) The homomorphism ig in (5.8.1) has an S-linear left-inverse.

Proof. To prove the first part of the lemma, view Q}g /K A8 the quotient of S ®j S
modulo the left S-submodule generated by all tensors P ®; Q + Q ®x P — 1 ®; PQ
for P, € S. The part of degree 1 of S ®j S is then the direct sum

(A Q)& (Q & A),

and le/lk is the quotient of the direct sum modulo the A-submodule generated by
all tensors

() qa Qi b+ gb ® a — q ®y, ab, a®kq+qka—1Qaq,

for g € Q, a,b € A. Under this identification, the k-linear map d};/k Q= Qg}k
maps the element ¢ of @ to the class represented by the tensor 1 ®y ¢.

By the construction of (3.3), there is a similar description of le/k(Q) as the
quotient of A ®j @ modulo the A-submodule generated by all tensors

(**) 1 ® bag — b &y aq — a @ bg + ab @k q,

for g € Q, a,b € A. The map dj, : Q — P}Vk(Q) maps the element ¢ of @ to the
class represented by 1 ®j gq.

Letu : A®rQ — (AR Q) ® (Q®k A) be the A-linear inclusion of A ®j, Q into
the first summand of the direct sum, and let v : (A Q% Q) ® (Q R A) — AR Q
be the k-linear map defined by

v(a®kq) =a®rq, v(gRka):=1Qkaq— a®yq.

Under u, the element (**) is mapped into the A-submodule generated by elements
of the second type in (*). Under v, the element of the first type in (*) is mapped
to the element (**) and the element of the second type in (*) is mapped to zero.
Therefore, the maps u and v induce maps of the quotients. It is easily verified that
the A-linear map induced by w is the inverse of the map induced by v. Moreover,
under the isomorphism, the maps i¢, and r¢, of (3.3.4) correspond, respectively, to
the maps iy and r} of (5.8.2). Hence the first part of the lemma has been proved.

Consider the four conditions. Clearly, (iii) implies (iv). To see that (iv) implies
(i), compose an S-linear retraction for ig with the A-linear projection on the degree
1-part. To see that (i) implies (ii), let w be an A-linear retraction for i}, define
V= wdls/k and check that V is a connection.

It remains to prove that (i) implies (iii). For convenience, set N := Q) /@A S.
To define an S-linear map le e N, we have to define a k-linear derivation
D : S — N. The derivation is defined as follows: Consider the k-algebra S @ N,
where N is viewed as an ideal of square zero. The map a +— a + (da/pa ®4 1) is
easily seen to be a map of k-algebras

A—S&N.

Moreover, the map g — ¢+ V(q) is an A-linear map @ — S @ N. The latter map
extends to a homomorphism of A-algebras

S=Symy,Q — SON.

Clearly, the extended homomorphism has the form P — P+ D(P), where D : S —
N is a k-linear derivation. Moreover, for a € A we have that D(a) = da/xa ®a 1.
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Therefore, the derivation D induces an S-linear retraction for the map ig. Moreover,
since D is homogeneous, the retraction is homogeneous. Thus (iii) holds.
Thus the equivalence of the four conditions has been proved. O

Note that the equivalent conditions of the lemma hold when the A-module @ is
induced from a k-module V. Indeed, if Q = A® V, then Qh/k RaQ = Qh/k RV,
and the map d,/x ®k 1y is a connection. In particular, the equivalent conditions
hold when the A-module @Q is free. Moreover, if the A-modules @ and 9}4 /i are
free, then it follows from the split exact sequence in (5.8.1) that the S-module Q} I
is free.

5.9. Example (Affine analogue of the Semple bundle). Consider the following
construction:~ Let k : Q}Lx e Q@ be a giYen A-linear map. Form the symmet-
ric algebra A := Sym, Q. Let ¢ : A — A be the inclusion of algebras, and let
d : A — A be the composition of xd, /) and the inclusion of @ into A. Finally,

let % : Q}& e Q be the A-linear map obtained as the push forward of the map

K®al : Q}Mk @4 A — Q®4 A along the map iz of (5.8.1). The push forward
preserves the cokernel. Hence, from the exact sequence (5.8.1) we obtain a com-
mutative diagram of A-modules with exact rows:

A

(5.9.1) 0L @4 A Q% — Qs A—0,

=

QRAA——Q——— Qo1 A—0.

Moreover, as noted at the end of (5.8), if the A-module @Q is free, then the A-linear
map ¢ in (5.9.1) is split injective and, consequently, the A-module Q is free.

A derivation system (Cy ., d) is obtained from the construction as follows: Set
Co:=A, Q1 :=Q and let k : Cy — @1 be the given A-linear map. Inductively,
assume that the k-algebra C,,_; and the C),_;-linear map s : Q¢,_, /i — Qn are
defined. Apply the construction with A := C,,_; and Q := @,, to obtain a k-algebra
C, = C’n_l and maps ¢,d : C,_1 — Cp and a C,-linear map Qlcn/k — @p where
Qn+1 = Qn.

It follows from the construction that Q,+1 C C,+1 and that the image of the
map d : C, — Cp41 is contained in @,+;. Moreover, there is a commutative
diagram of C),-linear maps,

(5.9.2) Cnog ——— Cy Qn

I

Qn RcC,_1 Cn ! Qn+1 - Qn QRcC,_1 Cn — 0.

The bottom row is exact, and split exact if @) is a free A-module.

It follows that the system is a K&hler system, since compositions of the maps i
of (5.9.2) may be used as the A-linear maps i, of (5.6).

In the case when @ is a quotient of Q}Lx /k and k is the quotient map, the con-

struction of the module Q is the affine analogue of the Semple bundle used to study
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higher tangencies of varieties by Collino [7], Colley—Kennedy [5], [6], and Arrondo—
Sols—Speiser [24]. In this case, we write (C4/1,q, d) for the derivation system. Note
in particular that the construction, for @ := 9114 Ik yields the non-commutative
version of Titaka’s differentials mentioned at the end of (5.6).

The affine analogue of the construction given by Demailly [8] is obtained from
the composite map QY ®4 A — A of k®4 1 with the natural map Q @4 A — A.

We obtain a diagram analogous to (5.9.1), which defines Q:

it 1 1

QLY ®a A Q% Qip——0
~ ~ 1

B /Q /QA/A—>O

with exact rows, and where B is the image of Q ® 4 A — A. The bottom sequence
is analogous to the sequence (4.2) of Demailly [8]. If we let X = Proj(Sym4(Q)),
we obtain a surjective map Q ®o, O — Ox(1) and the bottom line gives the
exact sequence

0—>(’)X(1)—>C~2—>Q§~(/X—>O,

which is the dual of the sequence of Demailly.

5.10. Example (Meyer). Let X be an m-dimensional C*°-manifold. Let A :=
C>®(X) be the k-algebra of global k-valued functions, where k = R or k = C, and
let 21(X) be the A-module of global 1-forms.

Let TX be the tangent bundle over X, and let A := C°°(T'X). Then there
are an inclusion of algebras ¢ : A — A induced by the projection TX — X, and
an inclusion of A-modules Q'(X) — C>®(TX). In particular, the differential may
be viewed as a k-linear module derivation d : A — A. In addition, the projection
TX — X induces an A-linear map i : Q'(X) — Q! (T X) and the following diagram
is commutative:

A — A
(5.10.1) dl ld
QLX) —— QYTX).
In addition, on T'X there is a canonical tangent vector field =, defined at a point
(x,€) of TX as the directional derivative along the line from (z,0) to (z,&). Hence,

evaluation of 1-forms of T'X on the field = defines a canonical map A-linear map
r: QYTX) — A

Moreover, if w € Q1(X), then rdw = w.

In local coordinates, say if X is an open subset of R™ with coordinate functions
x;, we have that the 2m functions tx; and dx; are coordinate functions on 7'X.
The A-module Q'(X) is free with basis dz;, and the A-module Q'(TX) is free
with basis dvz; and ddxzj. Under the map ¢, the differential dz; is mapped to dx;.
Under the map r, the differential ddz; is mapped to dz; and duz; is mapped to 0.

The derivation system of Meyer [22] is defined as follows: Let Cy := A and,
inductively, let C,, := C>®(T™X) be the k-algebra of C*-functions on the iterated
tangent space T"X. Then Cy,4+1 = C’n and we have obtained a derivation system
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(Cx,d) with the additional structure of (5.6). Note that Q"+!(C) C QY(T"X). If
X is paracompact, then Q(C) = Q1(X).

The system is a Kahler system, since compositions of the maps ¢ of (5.10.1) may
be used as the A-linear maps i, of (5.6).

6. KAHLER BASES

We say that a Ké&hler system (C,d) has a Kdihler basis if there are elements
X1, ..., Tm of A= Cpsuch that dw1, ..., dx,, is an A-basis for Q(C), and such that
the subset &, of C,,, for n = 1,2, ..., defined inductively by X1 = {dz1,...,dzm}
and

form an A-basis for the n’th graded piece Q"(C) of Q(C).
We show for a Kéahler system with a K&ahler basis that for each integer n > 1
there is an exact sequence of A-A-modules

0— QYC)®4 Q" (C) = Q"THC) - Q™ (C) — 0,

which is split by right A-linear maps.

The main result of this section, and indeed the article, is that a Kahler system
with a Kéahler basis satisfies the criteria of the main result of Section 4. In particular
we obtain, for any € in k, that Q(C) is a k-algebra over A and C' is a natural Q(C)-
module. We also obtain an explicit formula for the action of Q(C) on C.

It is an immediate consequence of our results that both the system of higher
order differentials for C'°°-manifolds constructed by P.-A. Meyer, and our non-
commutative generalization of Iitaka’s higher order differentials for smooth schemes
give rise to Kéahler systems with Kéhler bases. In particular, the higher order
differentials of both these systems have multiplicative structures.

In a final note we indicate how the theory can be globalized.

6.1. Setup. Let (C,d) be a Kéhler system. For a given subset X = {z1,..., 2} of
A, define a sequence X, of subsets of C), for n = 1,2,... as follows: The set X}
consists of the 1-forms dx; and, inductively, the set X}, consists of the elements
of one of the following two forms:

(611) 50 = df, gj = d$36 for é. e X,.

By (5.2.1) we have that §; = d(z;§) — z;d¢. In particular, it follows by induction
that X, is a subset of Q"(C). Moreover, if the elements dz; generate Q'(C) as
an A-module, then the elements of X,, generate Q"(C') as an A-module. Indeed,
assume that the elements dz; generate Q'(C). The elements of Q"1 (C) are A-
linear combinations of elements of the form dw for w € Q*(C). So, if the elements
¢ of X,, generate Q"(C), then the elements of Q"+1(C) are A-linear combinations
of elements of the form

(6.1.2) d(f€) = df.£ + fde.

Since df is an A-linear combination of the dx;, an element of the form (6.1.2) is an
A-linear combination of elements of the form (6.1.1). Therefore, by induction, the
elements of &, 1 generate Q"T1(C).

6.2. Lemma. Assume in the setup of (6.1) that the elements dx; form an A-basis
of QL1(C). Then the following three conditions are equivalent:
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(i) For alln > 1, if wy,w1,...,wm are elements of Q" (C) such that
(6.2.1) dwo + Y daj.w; =0,
j=1
then wo = w1 =+ = wmy = 0.

(ii) For all n > 1, the elements of X,, are linearly independent over A.
(iii) For all n > 1, there are two k-linear maps, r : Q"*1(C) — Q*(C) and
s 1 QUTHCO) — QLC) @4 Q(C), such that, for f € A and w € Q*(O),

(6.2.2) r(fdw) = fw, s(fdw) = —df ®a w.

Proof. We will give a cyclic proof of the equivalence. Assume first (i). The elements
of X are linearly independent by hypothesis. Proceed by induction and consider
a linear relation among the elements of &), 1. By the inductive definition of &}, 1,
the relation is of the form

Zgzdfz + Z Z fmdilljfl = 0,
i j=1 i
where the &; are different elements of X, and g; and f;; belong to A. Since dg.§ =
d(g€) — gd¢&, the relation may be written as follows:

(6.2.3) d(z gi&i) — Z dg;.& + Z dx;. Z fij& = 0.
i i j=1 i

Since dg, for any g € A, is an A-linear combination of the dz;, it follows that
the middle sum is a sum of terms of the form dz;.w;. Hence it follows from (i)
and (6.2.3) that > g;§; = 0. Hence, since the & are linearly independent by the
induction hypothesis, we have that g; = 0 for all . So the first two sums in (6.2.3)
vanish. Hence it follows from (i) and (6.2.3) that ). fi;& = 0 for j = 1,...,m.
Again, since the &; are independent, it follows that f;; = 0 for all 4 and j. Hence
(ii) holds.

Assume next (ii). Since the dz; generate Q!(C), it follows, as noted on (6.1),
that the elements of X,, generate Q"(C). So, since (ii) is assumed, the elements
of X, 41 form an A-basis of Q"T1(C). Therefore, there are well defined maps r :
Q(C) — Q*(C) and s : Q"T(C) — QYHC) @4 0*(C) determined additively,
for £ € &, and f € A, by the equations

(6.2.4) r(fd§) =¢, r(fdr;.£) =0,
(6.2.5) s(fd§) = —df @4 &, s(fdz;.£) = fdw; @4 &
In the equations (6.2.2), the element w is an A-linear combination of elements &
in X,. So, to verify (6.2.2), we may assume that w = g¢ with g € 4 and £ € X,,.
Then fdw = fdg.§ + fgd§. The element dg is an A-linear combination of the dx;.
Hence, from the equations (6.2.4) it follows that

r(fdw) =r(fdg.§) +r(fgdf) = fg€ = fuw.
From the last equation in (6.2.5) it follows by additivity that s(fdg.£) = fdg®a &.
Consequently, from the first equation in (6.2.5), it follows that

s(fdw) = fdg@a € —d(fg) ®a € =—gdf ®a§=—df ®a g€ =—df ®aw.

Therefore, the two equations of (6.2.2) have been verified. Hence (iii) holds.
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Assume finally (iii). Since d(fw) = df.w+ fdw, it follows easily from (6.2.2) that
r(dfw) =0 and s(dfw) = df @4 w for f € A and w € Q*(C). Hence, when we
apply 7 to the relation (6.2.1) we obtain the equation wg = 0 and when we apply s
we obtain the equation 3, dz; ®4w; = 0 in Q'(C) ®4 Q"(C). Since the dz; form
an A-basis for Q'(C), it follows that wy = -+ = w,, = 0. Hence (i) holds.

Thus the lemma has been proved. O

6.3. Definition. A subset X = {z1,...,2,,} of A such that the 1-forms dz; form
an A-basis for Q1(C) and such that the equivalent conditions of Lemma (6.2) hold
will be called a Kdhler basis for the Kahler system (C,d).

For instance, for the system (€245, da/) of free Kahler differentials of Example
(5.5), the maps 7 := 74, and s := s4,; have the properties of (6.2)(iii). Thus any
subset {z1,...,2,,} of A such that the differentials dz; form an A-basis for Q}Lx/k
is a Kahler basis for (4, d4/x), as we also observed in (3.12).

6.4. Note. Clearly, for a given Kéahler system (C,d), there is at most one pair of
maps r and s with the properties in (6.2.2). Assume that r = r¢ and s = s¢ exist.
Denote by ic : QHC) @4 Q*(C) — Q"T1(C) the A-linear map induced by the
multiplication of (5.2). Then there is a commutative diagram of A-linear maps,

0 —— Q,®a0%, — i = o, —— 0

l | |

0 —— QLCO)®4 QM C) —<— Qn+l(C) —L<s Qn(C) — 0,

where the vertical maps are the surjections induced by the maps (6.1.7). Indeed,
the first square of the diagram commutes because of (5.2.2), and the second square
commutes because the maps are A-linear and rcd =1 and 74/pda/, = 1.

The top row of the diagram is split exact by (3.9). The bottom row is exact,
and split by the k-linear maps sc and d. To prove the latter assertion, note that,
for p € QY(C) and m € Q*(C), we have the equations

(6.4.1) r(p.m) =0, s(p.m) =p®a.

Indeed, in (6.4.1) we may assume that p = adb. Then p.m = ad(br) — abdw. Hence
it follows from the two equations of (6.2.2) that r(p.wr) = abm — abr = 0 and
s(pm) =—da®abr+d(ab) @4 m=adb®@4 7= pRam. Now, given the equations
(6.2.2) and (4.4.1) the exactness property is proved exactly as in the proof of (2.7).

Note, in particular, that if QY = Q1(C), then if follows from the properties of
the diagram that Q7% , = Q™ (C) for all n.

6.5. Lemma. Assume that (C,d) is a Kahler system. Let X = {x1,...,xm} be
a subset of A such that the 1-forms dx; form an A-basis for Q'(C). For any
polynomial Q in Ai{’/lljl, define polynomials Q; in Ai"?k for j = 1,...,m by the

e,n

following expansion in Q' (C) @4 AA/k:

so.(Q) = Z dzj ®a Qj,

j=1
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where s¢ 4, is the map of (6.1.5). In addition, let Qo := riQ where 1§ is the map
of (2.6). Then, for any element F € C, we have the equation

(6.5.1) Q(d)(F) = dQo(d)(F) — e"Qo(d)(dF) + Y _ dz;.Q;(d)(F).

j=1
Proof. Set H := Ah/k ®a Ai{?k. The A-linear map ¢ : H — Ail”/l;'l of (2.4.1) is
induced by the multiplication in the algebra A% Jk and it maps H isomorphically

onto its image. So we may view H as an A-submodule of Ai{?,j ' If n = 0, then

H = Ah/k. If n > 0, then, by Proposition (2.7), the A-submodule H has the k-
submodule df (AZ?k) as complement. Therefore, by additivity, it suffices to prove
(6.5.1) separately for the case when @ belongs to H and for the case when n > 0
and @ is of the form diR for R € Ai{?k.

Consider the first case. It follows from the second equation of (6.1.4) that the
map s¢; is A-linear on the submodule H. Moreover, if ) belongs H, then, again
by Proposition (2.7), we have that Qo = 0. It follows that the two sides of (6.5.1)
are A-linear as functions of Q in H. Hence, to prove the formula in the first case,
we may assume that Q = (A;f)R for f € A and R € A‘;’7k. Let df =377, fdz;
be the expansion of df. Since @ = (A.f)R =tfR — ftR, we obtain by (5.2.1) the
following expression for the left side of (6.5.1):

(6.5.2) d(fR(d)(F)) — fdR(d)(F) = df R(d)(F) = Z fidzj R(d)(F).

Since @ = (A¢f)R, it follows from the second equation of (6.1.4) that s ,(Q) =
df ®4 R. Hence Q; = f;R for j =1,...,m. Moreover, Qg = 0. Hence we have the
following expression for the right side of (6.5.1):

(6.5.3) dej. fiR(d)(F).

Clearly, the two expressions (6.5.2) and (6.5.3) are equal. Thus (6.5.1) has been
proved in the first case.

Consider the second case. Then ) = d; R where R is of degree n and n > 1.
It follows from the first equation of (6.1.4) that sg ,(Q) = 0. Hence @; = 0 for

j=1,...,m and the sum in (6.5.1) vanishes. Moreover, since n > 1, we have that
Qo =71idiR = R. Hence Q = d;Qo = tQo — €"Qot, and so (6.5.1) holds.
Thus Equation (6.5.1) has been proved in both cases. O

6.6. Lemma. Assume that the Kahler system (C,d) has a Kdhler basis. Then,
with ¢ :=d and u := 1, the equivalent conditions of Proposition (4.4) are satisfied.

Proof. Let X be a Kéhler basis for the system. We verify the condition (ii) of (4.4),
that is, if @ is a polynomial in A5 , such that Q(d)(1) = 0, then Q(d) = 0. Since
the endomorphism d is homogeneous of degree 1, it suffices to verify the condition
for homogeneous polynomials Q.
We prove, by induction on n, that if ) € Ai"?k and Q(d)(1) = 0, then Q(d) = 0.
If n =0, then @ is an element f of A, and Q(d) left multiplication by f. Hence,
if Q(d)(1) =0, it follows that f = 0 and hence that Q(d) = 0.
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In general, assume that @ € A‘;’Zjl where n > 0. Then, by Lemma (6.5), there

g,mn

are polynomials Q¢ and Q; in A7, Jk such that, for all F' € C, the following equation
holds:

(6.6.1) Q()(F) = dQo(d)(F) — e"Qo(d)(dF) + Y _ d;.Q;(d)(F).

j=1
For F' =1 € (), the equation reduces to the following:

(6.6.2) Q(d)(1) = dQo(d)(1) + ) _ da;.Q;(d)(1).
j=1
Assume that Q(d)(1) = 0. Then, by Condition (6.2)(i) applied with w := Qq(d)(1)

and w; = Q,;(d)(1), it follows from (6.6.2) that Qo(d)(1) = Q:(d)(1) = --- =
Qm(d)(1) = 0. By the induction hypothesis, the latter equations imply that

Qo(d) = @Q1(d) = -+ = Qm(d) = 0. Tt follows that the right side of (6.6.1) is
equal to 0 for any F' € C. Hence Q(d) = 0.
Thus the condition (ii) of Proposition (4.4) is satisfied. O

6.7. Theorem. Assume that the Kihler system (C,d) has a Kdhler basis. Then
the following assertions hold:

(1) For every n > 1, there are an A-linear map r : Q"1 (C) — Q*(C) and
a k-linear map s : Q"FHC) — QYO) ®4 Q*(C), determined, for f € A and
w € Q*(C), by the equations
(6.7.1) r(fdw) = fw, s(fdw) = —df ®a w.

Moreover, the following sequence of A-linear maps is exact:
0— QLC) e QM (C) L Q" H(C) L Q™ (C) — 0,
and split by the k-linear maps d and s. Finally, the diagram of (6.4) is commutative.
(2) For any € € k, there is a unique A-linear product,
QC) e, C — C,
denoted W@ F +— w.F, such that 1 € A is a left unit and such that the endomorphism
d is an e-derivation with respect to the product, that is, such that
d(w.F) = (dw).F + (egrw).dF

for w € Q(C) and F € C. The product is given, for P € A(t) and F € C, by the
formula

(6.7.2) P(d)(1).F = i(—1)i5i<i-1>/2afp(d)dip
i=0

The A-submodule Q(C) of C is stable under the product and, with the induced
product, Q(C) is a graded k-algebra over A and C' is a graded Q(C)-module.

Moreover, the canonical map Q4 — QC) of (6.1.7) is a surjection of graded
k-algebras over A,

Qil/k: - Q(C)v

and it is an isomorphism when the surjection Q}L‘/,C — QYCO) is an isomorphism.

Finally, the product in degree 1, that is, p.F for p € QY(C) and F € C, is equal
to the product of (5.2).
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Proof. (1) The existence of the maps r and s is the condition (iii) of (6.2). Hence
the existence follows from the existence of a Kéhler basis. As noted in (6.4), the
remaining properties in (1) are consequences of (6.7.1).

(2) The existence of the product with the required property, the formula (6.7.2)
and the fact that Q(C) is a k-algebra over A and C an Q(C)-module follow from
Proposition (4.4). In addition, since the map A% , — Q(C) is a map of k-algebras
over A and since, as we saw in (6.1), it factors over the quotient 5 Jk it induces a
map of algebras from the quotient. As noted in (6.4), the map is an isomorphism
if it is an isomorphism in degree 1.

To prove the final assertion, it suffices to prove that the equation d(fF) =
df .F + fdF holds for both products. It holds for the product in (6.1) by definition,
and it holds for the product defined by (6.7.2), since d is an e-derivation and f is
of degree 0.

Thus all the assertions of the theorem have been proved. O

6.8. Note. Assume that X is a given Kéhler basis for the derivation system (C, d).
Since the elements of A, form an A-basis for Q"(C), the e-product w.F, for w €
O"(C) and F € Cp, is completely determined by the products £.F for £ € X,,. The
latter products are determined inductively as follows:

First, for n =1 and any f € A, we have that

df.F = d(fF) — fdF .

In particular, the latter equation determines the products dz;.F.
Inductively, the elements of &), are the elements £ = d¢ and §; := dx;.£ for
& € X,. Clearly,

(. F=de.F =d(¢.F) —EdF,
where the terms on the right side are determined inductively. Similarly,
& F =dxj . F =d(z;&.F) — x;d(E.F)

is determined inductively. This is the method used by Meyer [22] to define the
multiplication of higher order differentials on manifolds. The task of showing that
the multiplication is well defined and associative is formidable.

Note that the number of elements in the basis &, is equal to (m+1)""1m. It fol-
lows, exactly as in the proof of (3.13), that the set of all e-products d™ z;, ...d"z;,,
for ny + -+ +mn; = n and each n; > 0, form an A-basis for Q"(C). Moreover, in
the latter basis, the endomorphism d and the e-multiplication are determined as in
(3.14).

6.9. Example. Consider the Kéhler system (C4 /1,0, d) of Example (5.9), defined
by a quotient Q}Mk — Q. Thus, for x € A, the differential dx is the image of d 4 /@
in Q. Assume that @ is a free A-module with a basis formed by differentials dx; for
some subset X = {z1,...,2,} of A. Then the assertions (1) and (2) of Theorem
(6.7) hold.

Indeed, it suffices to prove that X is a Kahler basis for the system. We verify
the condition (i) of (6.2).

In the notation of (5.9), it follows by induction on n from the split exact sequence
in the diagram (5.9.2) that Q41 is a free Cy,-module and that the elements i,dz; =
di"z; of Q, form a subset of a Cy-basis. To verify the condition (i), consider a
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relation (6.2.1). Since dz;.F = (dt"z;)(uF) by (5.6.1), the relation may be written
as follows:

(6.9.1) dwoy + Z(ij)dL”a:j =0.

J=1

Apply the map r of (5.9.2). The map r is Cy-linear and ri = 0. Since dv" = i,d,
it follows that the sum in (6.9.1) is mapped to 0. Moreover rdw = w for w € Q.
Thus it follows from (6.9.1) that wy = 0. Hence the sum in (6.9.1) vanishes. As
the di"x; form a subset of a C),-basis, it follows that wy = - -+ = wy, = 0. Thus the
condition (i) has been verified.

Note in particular that if QY /i 18 a free A-module with a basis of the form dz;,
then the two assertions (1) and (2) of Theorem (6.7) hold for the non-commutative
version of Iitaka’s differentials.

6.10. Example. Consider similarly the system (Cx, d) of Meyer of Example (5.10)
defined from an m-dimensional C*°-manifold X. Assume that X is an open subset
of R™. Then the assertions (1) and (2) of Theorem (6.7) hold.

Indeed, it suffices to prove that set X = {x1,...,2,,} of coordinate functions
is a Kéhler basis for the system. The proof is identical to the proof given for the
system in (6.9), using the maps ¢ and r of (5.10).

6.11. Note. For f € A, 7 € QP(C) and F € C, we have the formula fdrn.F =
d(fmF) —eP fr.dF. Using this formula, it is easy to deduce from the two equations
of (6.7.1) the following formulas:

r(w.F) =r(w).F —Pr(r(w).dF), s(w.F) = s(w).F —ePs(r(w).dF),

for w € QPHL(C) and F € Q(C). The iterated version of the formula for r was
given, for manifolds and for £ = 1, by Meyer [22, p. 261].

6.12. Globalization. Clearly, the constructions of this section are functorial in
the following sense: Given a homomorphism k — &’ of commutative rings and a
commutative k’-algebra A’. View A’ as a k-algebra and let ¢ : A — A’ be a
homomorphism of k-algebras. Then there are induced homomorphisms

(AayksdajisTajes sam) — (Marjprsdarjpr s Tas jios Sar i)

and similar homomorphisms of free Kéahler differentials. It follows that the con-
structions globalize as follows: Fix a topological space X. Let k be a presheaf of
commutative rings on X. In addition, let A be a sheaf of k-algebras on X. By the
functoriality, the assignments, for open subsets U of X, of

Aaw)/wwy and Qaw) /)
are presheaves on X. Denote by
AA/k and Q.A/k

the associated sheaves. Clearly, the sheaves are sheaves of A-modules, and the
maps d, r, s, induce maps of sheaves.

For instance, on a differentiable manifold X, we obtain from the system of Meyer
a Kéahler system of sheaves Cx with Cx ., 1= pn«C¥  (Where p, : T"X — X is
the projection) and for every n a subsheaf Q% C Cx ,. From Theorem (6.7) we
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obtain, for every ¢ € k, a C$f-linear map of sheaves,
QI;( & CXJL - CX,n+p7

satisfying the assertions of (6.7) on sections.

Assume that a map of schemes p : X — S is given. Then, from the algebra
A := Ox as a sheaf of p~1g-algebras, we obtain quasi coherent O x-modules A%y /s
and Q% /8"

If Q is a given quasi-coherent quotient of Qﬁ( /g0 We obtain, from the system
Example (5.9), a Kéhler system (Cx;s,0,d). If Q is locally free, then the system
has locally a Kéhler basis. It follows that the product defined in Theorem (6.7)
exists globally.

In particular, if S = Speck and X = Spec A are affine, and Q = Q with Q a
locally free A-module, then the two assertions of Theorem (6.7) hold.

If X is smooth over S, we may take Q = Q}X/S to obtain a Kéhler system
(Cx/s,d) of quasi-coherent Ox-modules and locally free submodules Q% /s Cy /5"
Moreover, for every global section € on S, we have that Qx/g is a graded (non-
commutative) O x-algebra, and Cx /g is a module over x5 and d is an e-derivation.

7. SYMMETRIC AND ALTERNATING DIFFERENTIALS

In this section we assume that €2 = 1. We show that the k-linear endomorphism
of A% Jk of degree —1 described by

n—1
0; (ant - - tag) = Z ie" " ant - tagait - - - tag
i=1

is an e-derivation on A% Jk> and that it induces an e-derivation §; on the Kéahler dif-
ferentials 25 Ik We show that the left ideal of A% Jk generated by the e-commutators

[P,Q). := PQ—cde8 4 @QP when P and @ are homogeneous, is a two sided ideal

¢.. The quotient of A%, by € is the algebra Q;;}:m of e-symmetric differentials.

The e-derivations df and 67 of A%, induce e-derivations on Q;;}:m When € = 1,
we obtain the algebra QZ’;‘; of symmetric differentials and for e = —1 we obtain

skew

the algebra Qj‘/c,? of skew symmetric differentials. The algebra obtained from €25 ik
by division by the ideal generated by all squares of elements of odd degree is the
algebra Qj‘l}k of alternating differentials. All these algebras are graded and df and
07 induce e-derivations of degree 1 and —1 respectively.

When the A-module (2114 Jk of first order Kéhler differentials has a basis con-

sisting of differentials dx1,...,dx,,, for some elements x1,...,z,, of A, we show
that the algebra of symmetric differentials is the polynomial ring over A in the
infinitely many variables d"x;, for i = 1,...,m and n = 1,2, ..., and the algebra

of alternating differentials is the alternating algebra freely generated by the same
differentials.

7.1. Setup. Assume in this section that A is a commutative k-algebra and that
€2 = 1. When € = —1, an e-derivation is called a skew derivation and an e-
commutator is called a skew commutator.
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7.2. Assume for a moment that ¢ is arbitrary. By (1.7), the endomorphism 95 is a
right e-derivation of A(t), that is, 9] (PQ) = PO{Q + (0; P)egQ. It is determined
in degree n by the formula

n—1
(7.2.1) O (ant -~ -tag) = Y _ c'ant---taisra;t - tap.
=0

It follows from (2.12) that Of vanishes on the subalgebra A% , of A(t). Denote, for
a fixed but arbitrary ¢, by P — P’ the k-linear endomorphism of A(t) determined
in degree n by the formula

n—1
(7.2.2) (ant---tag) = Z ie" rant - taigrait - - - tag.
i=1

Clearly, the endomorphism P — P’ is homogeneous of degree —1, and left and
right A-linear. More generally, we have, for P € A(t) and Q € A(t)?, the equation

(7.2.3) (PQ) = PQ' +&?P'Q + qe7 (05 P)Q.

Indeed, it is easy to deduce (7.2.3) from (7.2.1) and (7.2.2). Alternatively, the
polynomial P’ is obtained by applying formally the operator (d/de) to 95 P, and so
(7.2.3) follows from the equation 95 (PQ) = Po5Q + €9(05 P)Q.

Clearly, 95t = 1 and t' = 0. Hence from (7.2.3) we obtain the equations

(7.2.4) (tQ) =tQ +¢"7'Q,  (Q) =eQ't+ (%Q)t.
IfQec Ai{/qk, then 95Q = 0, and so (7.2.4) implies that
(7.2.5) (ASQ) = e qQ +tQ" — %Q't.

7.3. Definition. Assume again, as in (7.1), that ¢ = 1. Let & : A(t) — A(t) be
the k-linear endomorphism of degree —1 determined in degree n by the formula

n—1
(7.3.1) 0 (ant - tag) = Z ie" " T ant - taipiat - - - tag.
i=1

Clearly, the endomorphism 6% is A-A-linear. In the notation of (7.2), we have that

07 (P) = (4 P)’. Hence, for Q € A‘Z’/qk, it follows from (7.2.5) that

(7.32) 0 (A{Q) = aQ +eA{(6; Q).

The subalgebra A5 ;- of A(t) is the smallest Af-invariant A-submodule containing
1. Therefore, by induction on the degree g, it follows from (7.3.2) that A% , is
stable under the map J;. Hence J; may be viewed as endomorphism of A% Ik and,
for P € A ) and Q € A% % we have the equation

A/k
(7.3.3) 505Q = qQ + £d:65Q.
Moreover, from (7.2.3) we obtain, for P,Q € A% /i the equation
(7.3.4) 5:(PQ) = (5;P)Q + (e )5 Q.

Thus 67 is an e-derivation of A% . Since 67 is A-linear, it vanishes on A = A Jk-
In addition, from (7.3.3) it follows that d; vanishes on A}, . Finally, for f € A, we
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have the equation

n

(735) sitaes = () @

Indeed, from (1.11.6) it follows easily that ("$') —e(3) = (> —1)/(e? = 1). In
particular, since €2 = 1, we have the equation (";1)6 = ¢(3) + n. By using the

latter equation and (7.3.3), the equation (7.3.5) follows by induction on n.

7.4. Lemma. The e-derivation 05 of Ai‘/k induces an e-derivation 6 of the algebra
of Kdhler differentials Qi/k.

Proof. Recall from (3.2) that the algebra of K&hler differentials is the quotient of
A5 Jk modulo the ideal ¢ consisting of sums of polynomials of the form

(7.4.1) W = P(d;)(pQ)

where P € A(t), Q € A5, and p = (Asb)a—a(Asd) for a,b € A. It suffices to prove
that the ideal ¢ is invariant under 6;. So consider the value of §; on a polynomial
(7.4.1). Clearly, we may assume that P is homogeneous, and by A-linearity we may
assume either that P = 1 or that P = tR for some polynomial R € A(t). In the
first case we have, since 05 is an e-derivation and vanishes on A}4 Ik that

W = 6;(pQ) = epb; Q,
which clearly is of the form (7.4.1). In the second case we have that

5 W = b7d R(d7)(pQ)-
So, using (7.3.3) and induction on the degree of P, it follows that 6T belongs to
Ae. O

7.5. Proposition. Let (C,d) be a Kdhler system with a Kdhler basis. Then the
endomorphism 6% of Q4 induces an endomorphism 6% of Q(C), that is, there is a
canonical A-linear map 6° : Q(C) — Q(C), homogeneous of degree —1, such that
the following diagrams are commutative:

n+1 5 n
QA/k QA/k

(7.5.1) l l

Qo) —— an(0),

where the vertical maps are the surjections of (5.1.7). Moreover, the induced endo-

morphism 0% is an e-derivation of Q(C).

Proof. The vertical maps are surjective. Hence the endomorphism ¢ of Q(C) is
uniquely determined by the commutativity of the diagram.

To define 6%, let X = {z1,...,zn} be a Kihler basis for (C,d). The maps
5 QFHC) — Q™(C) are defined inductively. For n = 0, let §° := 0. For n > 1,
let ¢ be the A-linear map given, inductively, on the basis X, 11 of Q"*1(C), by the
equations

(7.5.2) 0 (d§) = n& + edo®¢, 0°(dx;.§) = edx;.0%¢ for £ € X,.
First, for f € A and w € Q"(C), we have the equation
(7.5.3) 5% (df w) = edf $°w.
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Indeed, the equation holds trivially if n = 0. In general, the map 6° is A-linear,
and the product is A-bilinear and df commutes with the elements of A. Therefore,
to prove (7.5.3) for n > 1, we may assume that df = dz; and that w = £ belongs
to X,,. Then (7.5.3) follows from the second equation in (7.5.2).

Next, for w € Q™(C) we have the equation

(7.5.4) 0%dw = nw + eddw.

Indeed, (7.5.4) holds trivially when n = 0. If n > 1, we may, by additivity, assume
that w = f¢ for f € A and £ € X,. Then, by (7.5.3) and first equation of (7.5.2),
we have the equations for the left side of (7.5.4),

0%dw = 6°(df.£) + 6°(fdE) = edf .0°€ + f(n€ + edd®¢),
and, clearly, we have the equations for the right side,
nw + edd®w = nf&+edd®(f€) =nfé +ed(f6°E) = nf& + edf 5°€ + e fdF*E.

Hence the two sides of Equation (7.5.4) are equal.

Consider the diagram (7.5.1). The commutativity is proved by induction on n.
It holds trivially for n = 0. Assume that n > 1. The two maps §° are A-linear
and the two vertical maps, denoted 7 +— 7, are A-linear. Moreover, d4/,m = dT.
Hence, to prove that the diagram is commutative, it suffices to prove, for = € Q7 Sk
that

(755) 0°dw = 5sdA/k7T.

Apply Equation (7.5.4) to the left side and the analogous equation, deduced from
(7.3.3) for the endomorphism ° of €4/, to the right side. It follows from the
induction hypothesis that the two sides are equal.

Hence the diagram (7.5.1) is commutative. Since the map 7 — T is a surjective
map 25 ;. — Q(C) of k-algebras over A and 6 is an e-derivation of €5 ;. it follows
that the induced map 6° is an e-derivation of Q(C). O

7.6. Definition. Let P,Q be elements of a graded k-algebra I' over A. Assume
that P is homogeneous of degree p. Recall from (1.5) that the e-commutator [P, Q).
is defined by the equation

[P.Qle = PQ — (e, Q) P.
It follows easily that
(7.6.1) [P,QR]: = [P,Q]: R + (£, Q)[P, R]..
In addition, since €2 = 1, it follows for any e-derivation D of I' of degree +1 that
(7.6.2) D[P,Q]: = [DP,Q]: + [eer P, DQ]:.

It follows from (7.6.1) that the left ideal of I' generated by the e-commutators
is a two sided ideal of I'. It is called the e-commutator ideal. It is obviously
a homogeneous ideal. It follows from (7.6.2) that the e-commutator ideal is D-
invariant.

Denote by €. the e-commutator ideal of the k-algebra QF , and let QZ%I“ =
Q5 /€< be the quotient algebra. Then Qijfn is a graded e-commutative algebra
over A. Clearly, the algebra could equally have been obtained by dividing A% Jk
by its e-commutator ideal. The elements of the algebra are called e-symmetric
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differentials. It follows from the considerations above that the e-derivations d =
dasx and 6% of Q5 , induce e-derivations of QZ%’“

When € = 1, the algebra is denoted Qj’;‘;, and its elements are called symmetric
differentials. Clearly, the algebra is commutative. The induced derivations are
denoted d*™ and %™, or simply d and 9.

When ¢ = —1, the algebra is denoted Qj‘;’fg, and its elements are called skew
symmetric differentials. Clearly, the algebra is skew commutative. The induced
derivations are denoted d**®V and §***V, or simply d and 6. The algebra obtained

from Qj‘;’fg by dividing by the ideal generated by all squares of elements of odd

degree is denoted Qﬂ;k. Clearly, the latter ideal is the left ideal generated by the

squares of elements of odd degree. Moreover, if 7 is an element of odd degree in

Qj‘/clvcv, then

d(r?) = dn.m — m.dr = [dn,w]_1 = 0,

and, similarly, §(72) = 0. It follows that the ideal in Qj‘/c,? generated by the
squares of elements of odd degree is invariant under d and §. Hence d and ¢ induce
derivations in Qj‘l} .-

Consider a derivation system (C,d). It follows from Lemma (4.2) that C is a
module over 5 , . Hence the quotient C=*¥™ := C/€.C is a module over Q‘i‘%m
By (4.3), the endomorphism d of C' is an e-derivation with respect to the action
of Q% /i On C. As noted above, the commutator ideal €. is invariant under the
endomorphism d 45, of Q4. It follows that the endomorphism d of C' induces an
endomorphism d of the quotient C*Y™.

Similarly, the quotient QY™ (C) := Q(C)/€.Q(C) is a module over Qjﬁm, and
there is an induced endomorphism d of Q=™ (C).

Clearly, if Q(C) has a structure as a k-algebra such that the canonical surjection
of (5.1.7) is a surjection of algebras Q% , — €Q(C), then Q=*™(C’) is obtained from
Q(C) by division by the e-commutator ideal of Q(C).

Finally, for ¢ = —1, the Qj}k—modules C?* and Q(C) are defined similarly.

7.7. Proposition. Assume that {x1,...,zm} is Kaihler basis for a Kdhler system
(C,d). Then the algebra Q™ (C') is the commutative A-algebra freely generated by
the infinitely many differentials d"x; forn=1,2,... and j = 1,...,m. Similarly,
the algebra QM (C) is the alternating A-algebra freely generated by the differentials
dnilij .

Proof. By Theorem (6.7), for ¢ = 1, we have that Q(C') is a k-algebra over A. The
algebra Q%™ ((') is obtained by dividing the algebra Q(C') by its commutator ideal
¢. Similarly, the algebra Q2! is obtained, for ¢ = —1, by dividing the algebra Q(C)
by the ideal € generated by all skew commutators and all squares of elements of

odd degree.
As noted in (6.8), the set of all e-products

(771) ™ = dnlle ...dnlle,
where each n; > 0, is a left A-basis of Q% Ik Therefore, to prove the first assertion

of the proposition, it suffices to prove, for € = 1, that the ideal € is generated as a
left A-module by all elements of the form

(7.7.2) m[d"z;, dPajlomo,
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where 7 and 7y are products of the form (7.7.1). Similarly, to prove the second
assertion of the proposition, it suffices to prove, for ¢ = —1, that the ideal € is
generated as a left A-module by all elements of the following forms:

(773) T [d"a:i,dpa:j]sm, Wl(dn$i)2ﬂ'2a

where n is odd in the second expression.

Consider first Q%™ (C). Fix ¢ = 1, and omit € in the notation. Let ® be the
A-submodule of Q(C) generated by the elements (7.7.2). We have to prove that
D = ¢. Obviously, ® C €.

To prove the opposite inclusion, we have to prove that any commutator belongs
to . First, since the products (7.7.1) generate Q(C) as a left A-module, it follows
that © is the left ideal of Q(C') generated by all elements

(774) [d”xi, dpl'j]’lT,

where 7 is a product of the form (7.7.1). Clearly, © is stable under multiplication
from the right by a product 7 of the form (7.7.1). Moreover, ® is d-invariant.
Indeed, for any product (7.7.4) we have, by (7.6.2), that

d([d"x;, dPz;|m) = [d" oy, dPxy]m + [d"xy, dP T ag]m 4 [d"wg, dPaj)d,

and clearly, dr is a sum of products of the form (7.7.1).

Any commutator is a sum of commutators of the form [f7,, foms] for f1, fo € A
and products 71, 7o of the form (7.7.1). Thus it suffices to prove that [fi7y, foms]
belongs to ©.

Since f1fa = fafi1, it follows that

[fim1, foma] = fim1 foma — foma fimy = fi[my, fa]ma — falme, film + fuifa]m, mo].

Therefore, it suffices to prove that every commutator of the form [, f] or the form
[r1, 7] belongs to ©. In the commutator |71, 7e] = 717y — memy, we have that
w17y is a product of factors d"x and mom; is the product of the same factors in a
different order. Since any permutation can be obtained by successive interchange
of neighbors, it follows that |71, 72] is a sum of commutators of the form (7.7.2).
Hence [m1, 2] belongs to D.

Hence is suffices to prove that every commutator [, f] belongs to ®. The proof
is by induction on the degree p of m. For p = 0 or p = 1, the commutator is equal
to 0, and so the assertion holds. Assume that p > 2.

If 7 is decomposable as a product m7me, that is, when [ in (7.7.1) is at least 2,
then, by (7.6.1),

[7T, f] = 771[7T27f] + [7T1,f]7T2.

By induction, the two commutators on the right belong to ©. Since © is a left
ideal and stable under multiplication from the right by products m, it follows that
the right side belongs to ©. Hence [, f] belongs to D.

Finally, assume that m = dPx), Then, by (7.6.2),

[, f] = [Pz, f] = d[dP " w, f] — [dP " a, df].

Since D is d-invariant, it follows by induction that the first term on the right belongs
to ®. For the second term use an expansion df = Z;”:l g;jdx;j. Then the second
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term is a sum of commutators of the form [dP 'z, gdz;] and it suffices to prove
that [dP~1xy, gdx;] belongs to ®. However, by (7.6.1),

[ oy, gdzj) = [dP ay, gldz; + g[dP™ 'y, day].

On the right, the first commutator belongs to ® by induction and, clearly, the
second commutator is of the form (7.7.2). So, since D is a left A-module and stable
under multiplication from the right by dz;, it follows that [dP~'zy, gdz;] belongs
to D.

Hence we have proved that any commutator belongs to ®, and the proof of the
first assertion of the proposition is complete.

The proof of the second assertion is analogous. O

7.8. Note. Assume the conditions of (7.7). By Proposition (7.5), there is an induced
e-derivation §¢ of Q(C). For ¢ = 1, the algebra Q%™ (C) is obtained by division
of Q(C) with the commutator. Since the commutator ideal is invariant under any
derivation, it follows that §° induces a derivation of degree —1 in Q%™ (C).

Similarly, for ¢ = —1, there are induced skew derivations §° of degree —1 in
Qkew(C) and Q(C).

The endomorphisms d and §° are derivations of the algebra Qfg’;’; and skew
derivations of the algebra Qi}}k. Note that the endomorphisms are determined on

the basis given in (7.6) as follows: For the endomorphism d, we have that df is an
A-linear combination of the dz;, and d(d"z;) = d"*'xz;. For the endomorphism §¢,
we have that §f = 0 and the value §(d"z;) is determined by (7.3.5).

7.9. Proposition. The (left) ideal N of Qi‘l}k generated by (ilements d*(w) for
all w in Qj}}k is homogeneous and d-invariant. Moreover, if d denotes the skew

derivation induced by d in the quotient ijl';k/‘ﬁ, then the quotient is generated as

an A-module by all products dfy ---df, for fi,...,fn € Aandn =0,1,.... In fact,
the quotient Qzl;k/‘ﬁ s canonically isomorphic to the exterior algebra /\Q}L‘/k.

Proof. The algebra QZI} i is alternating, so the left ideal 9 is an ideal. Moreover,
the ideal is d-invariant, since

d(rd?w) = drd®w + (egm)d? (dw).

It follows that the quotient Qill} o/ M is a graded alternating algebra and that there

is an induced skew derivation d of the quotient. The elements of degree n + 1 of
the quotient are A-linear combinations of elements of the form dm, where 7 is of
degree n. Since d? = 0, it follows that

d(fdfy---dfa) = dfdfi - dfa.
So, by induction on n, the products df; ---df, generate the degree-n part of
il /o
The exterior algebra /\Q}4 Jk is alternating. It is well known that the module
derivation d : A — O Jk extends to a skew derivation d of the exterior algebra.

Moreover, d? = 0. It follows that there is a canonical homomorphism of algebras
over A with k-linear endomorphisms,

(7.9.1) Q%5 /M,d) — (\ Q4 D).
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On the other side, since Qj‘l} /M is alternating and equal to 9}4 Jk in degree 1, there

is a canonical homomorphism of algebras

(7.9.2) A\ Qi — Q0
Clearly, it follows from the analysis in the first part of the proof that (7.9.1) is an
isomorphism with (7.9.2) as inverse. O

7.10. Example. The constructions given in this section apply to the system of
Meyer considered in the examples (5.10) and (6.10). Moreover, the constructions
apply to the Semple systems considered in examples (5.9) and (6.9) when the quo-
tient () has an A-basis of the form dx;. In particular, when 9114 Jk has a basis of
the form dx;, the constructions apply to the non-commutative version of Iitaka’s
differentials. Moreover, as noted in (5.7), for the system considered by litaka, we

have that ij‘t/k - Qj’/ﬂ;
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